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Invariance of a differential equation under a set of transformations is equivalent to the
existence of symmetries. The study of symmetries represents a fundamental aspect related
to the analysis of integrability of differential equations, since this invariance property may be
used to achieve partial or complete integration of such equations [8].

The basis of the theory of Lie symmetries lies in the invariance of differential equations
under one-parameter transformations of their variables, [7, 8]. These transformations form a
local Lie group of transformations, which depend on a continuous parameter, and project any
solution of the equation into another solution. Besides, a standard method to find solutions
can be implemented by using Lie symmetries: each symmetry leads to a similarity reduction
for the PDE which allows to reduce by one the number of independent variables.

Furthermore, as it is well known, a PDE is considered integrable when it can be derived
through the Lax equation associated to a spectral problem. Lie symmetries for PDEs are
very popular in literature, however, Lie symmetries for Lax pairs are much less frequent [4].
Nevertheless, the determination of the symmetries of the Lax pair has the benefit that the
reduction associated to each symmetry of the Lax pair provides not only the reduction of the
fields, but also the reductions of the eigenfunctions and the spectral parameter.

This talk is based on the work [1] done by authors. This paper is devoted to the study of
an integrable (2 + 1)-dimensional multi-component nonlinear Schrédinger equation
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where d(z,y,t) = (ai(z,y,t), az(z,y,t))" and @' is the complex conjugate of &. m(x,y,t)
is a real scalar function related to the probability density & a'.

The reduction z = y of (1) yields the Manakov system, which is often also called vector
NLS system [6]. Integrability properties of this Manakov system are described in [5, 9], and
different generalizations of this system and their solutions have been studied in [2, 3].

The associated linear problem, [1], can be written by means of the following three-
component Lax pair (and their complex conjugates), with ¥(x,y,t) = (¢¥(z,y,t), x(z,y,t),
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The Lie point symmetries of the system (1) and its Lax pair (2) have been determined.
The resulting symmetries include nine arbitrary functions of the independent variables and
a single arbitrary constant, which plays the role of the spectral parameter when the spectral
problem is reduced to 1 4+ 1 dimensions.

The commutation relations among the generators associated to each symmetry have been
widely analyzed. Although the set of symmetries does not form a Lie algebra, these relations
are consistent and closed. Eventually, we could define the Lie algebra associated to particular
selections for the arbitrary functions.

Three non-trivial reductions to 1+ 1 dimensions have been identified. The reduced equa-
tions and the reduced spectral problem have been simultaneously obtained. It is important
to notice that the spectral parameter arises naturally in the process of constructing the re-
ductions, due to the symmetry procedure itself.

References

[1] P. Albares, J. M. Conde, P. G. Estévez (2018). Spectral problem for a two-component
nonlinear Schrodinger equation in 24+ 1 dimensions: Singular manifold method and Lie
point symmetries. arXiv:1807.09039v1 [nlin.ST].

[2] P. Albares, E. Diaz, J. M. Cerverd, F. Dominguez-Adame, E. Diez, P. G. Estévez (2018).
Solitons in a nonlinear model of spin transport in helical molecules. Phys. Rev. F, 97,
022210.

[3] E. Diaz, P. Albares, P. G. Estévez, J. M. Cerver6, C. Gaul, E. Diez, F. Dominguez-
Adame (2018). Spin dynamics in helical molecules with non-linear interactions. New J.
Phys., 20, 043055.

[4] M. Legaré (1996). Symmetry reductions of the Lax pair of the four-dimensional Euclidean
self-dual Yang-Mills equations. J. Nonlinear Math. Phys., 3, 266—285.

[5] X. Lu, M. Peng (2013). Painlevé-integrability and explicit solutions of the general two-
coupled nonlinear Schroedinger system in the optical fiber communications. Nonlinear
Dyn., 73, 405.

[6] S. V. Manakov (1974). On the theory of two-dimensional stationary self-focusing of
electromagnetic waves. Sov. Phys. JETP, 38, no. 2, 248-253

[7] P.J. Olver (1993). Applications of Lie Groups to Differential Equations, Springer-Verlag,
New York.

[8] H. Stephani (1989). Differential Equations. Their solutions using symmetries, edited by
M.Mac Callum, Cambridge Univ. Press.

[9] D. S. Wang, D .J. Zhang, J. Yang (2010) Integrable properties of the general coupled
nonlinear Schrodinger equations. J. Math. Phys.. 51, 023510.



