Rolling Grassmannians — Constructive Proof of Controllability
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Robotics and Computer vision The Grassmann manifolds (Grassmannians) can be widely used to
Engineering problems that deals with: represent images

Set of images
Face recognition
Reconstruction of planar scenes from multiples views

Describe a pure rolling of Grassmannians over their affine tangent space
at a particular point

Show how the forbidden motions of twist and slip can be accomplished by

Medical Engineering applications
2 e rolling without them

Some Background Rolling Grassmann over the affine Theorem (urdjevic and sussmann, 1972)

tangent space at I A left-invariant control system without

M =s,: G = SO, x5, drift and unrestricted controls, evolving
on a connected Lie group G, is
controllable if and only if the control

Matrix representation of Grassmannians

ni=A1P n:PZ:P, k(P) = A c i Gi M
Gin:={P€s rank(P) = k} (M embedding manifold; G isometry group of M)

Tangent space at a point P € Gy, The action of G on M is defined by vector fields generate £(G), the Lie
ToGiy = {S€s,: PS+SP=S) (©,X),S) — 0507 + X algebra of G, i.e., satisfy the bracket
T " . _ generating property.
= {[Q,P] : Q€ 5Dy, PQ + QP = Q} Ml — Gk,n; MO — T;(fka,n — PO + TPOGk,n
Gk.n is an isospectral manifold and for Py = [I(’; 8] (M rolling manifold; M, static manifold)

TP()Gk,n = {|:ZOT i , ZeRkX(n—k)}

KinematiC equatiOI’IS Of I‘O"ing Gk’n over T;OHGIC,I’I (Hupper and Silva Leite, ’07, F. Pina, F. Silva Leite *18)

0 U(t)

{@)(t) = O(1)A(1) v =) B(t) := [UT(t) ) ] (t— U(t) € R*0H) s free)

X(t) =B(t) AlD) = [UT(t) 0

Can be rewritten as a left-invariant control system without drift, evolving on the connected Lie group G = SO, X Tp, Gk, With Lie algebra

L(G) = s0, ® Tp, Gk p-

Left-invariant control vector fields (A; k4, Bik+j), i=1,---,k, j=1,---,n—k, with A;; = E;; — Ej; (elementary skew symmetric matrices), B;;j = E;j + E; ;
(elementary symmetric matrices) satisfy the bracket generating property.

Whenever k(n — k) # 1, the control system (kinematic equations) is controllable in G = SO, X Tp, G, p,-

Forbidden motion - Slip Forbidden motion - Twist
Any motion of Gy, that results from the action of elements in G of the form Any motion of Gy, that results from the action of elements in G of the form
(In, X), where X € Tp,Gr.. (©,0), where ® € K , the isotropy subgroup of SO,, at .
(A pure translation by a vector X) (A pure rotation that fixes Py)

How to generate the forbidden motions of slip and twist, without twisting and without slipping?

Generati ng TWiStS (F. Pina, F. Silva Leite ’18, M. Kleinsteuber, K. Hiiper, F. Silva Leite ’06) Generati ng S l i pS (F. Pina, F. Silva Leite *18, M. Kleinsteuber, K. Hiiper, F. Silva Leite ’06)
Crucial Result Let X = 7B; k+1, T > 0. To perform a slip from Py to Q; = Py + X in TG,
/2 m/2 U : . : By ="
there are two situations to consider, depending on the distance between the
L s points: d(Py, Q1) = 7 V2. O

If A, Band C are square matrices s.t. [A,B] = C, [A, C] = —B, then

eTC — e(n/Z)A e(T/Z)B e—nA e—(T/Z)B e(Jr/Z)A.

Every ® € K can be written as a finite product of elements of the form

TlAi i
e 5] 0 . . o . o .
tsi<js<k 1°%: 7 is a multiple of 27 2" 1 is not a multiple of 27
0 ‘ eTZAk+l,k+m > 1<l<m<n-k - )
Pure rolling of Gy, along a Choose
gEOdESiC arc, so that its QZ = Q + 1B s = Py + ZBl k+1 + T1B1 ks
T1Aj T2 Akt Lic+m i i i . 1 . 275 Are
e"'“i/ and e™k+tk+m can be decomposed into products of Givens rotations : .
P P development CUWEF is the where Q; is the midpoint between P, and
_ _ . . a 2 g
generated by elements of the form A, s, r=1,--- ,k,s=1,--- ,n—k, so geodesic arc in T3 Gy that joins 0, and 7; must be chosen so that
that the sum of all angles of rotation adds up to zero: Py to Q1. d(Py, Q2) = d(O1, Qy) = 27rV2, (r € N)
A (/2)A (r1/2)A " (r1/2)A (2/2)A Construct an isosceles triangle as shown in
T1Ajj — T i T i —TTAj —\T i T i .
e = € S ISR gt g SR ¢ A the picture, and repeat the procedure of 1°
eTZAk+l,k+m — e(”/z)Ai,k+m e(TZ/z)Ai,kH e_ﬂ'Ai,k+m e_(TZ/z)Ai,kH e(”/z)Ai,k+m. a]ong the two blue sides of the triangle.
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