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theoretical framework:
M.E.R.L.O.PEDAGOGY
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foster students’ attention on conceptual 
meaning, through interactive/formative 
assessment based on:
● unstructured tasks
● frequent and detailed feedback

Meaning 
Equivalence 
Reusable 
Learning 
Objects



Composition: one task and five STATEMENTS
- In the boxes different registers are used: 
natural language, graphic, numerical, ...
- Each box contains a correct statement / 
representation from a mathematical point of view
- Some boxes share the same meaning (meaning 
equivalence) others only have a similarity in 
the representation (surface similarity)
- The task is: "Tick the representations that share the 
same meaning (two or more); indicate the reasons 
that guide your choice”

M.E.R.L.O. ITEM
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theoretical framework:
M.E.R.L.O.PEDAGOGY
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MERLO approach to parsing and analysing concepts is applicable to various subjects for recognizing, 
representing, organizing, exploring and manipulating knowledge. It is particularly recommended 
in mathematics, where the ability to shift from one to another representation of the same object 
and the coordination of multiple representations in more than one semiotic register are 
fundamental competencies, in order to access the underlying meaning and to understand 
mathematics.
Arzarello, F., Robutti O. & Carante P. (2015), MERLO: A new tool and a new challenge in mathematics teaching 

and learning, Proceedings of PME 39,



added value & adjustments

dynamic content is added to 
the merlo items allowing 

students’ interaction with 
the mathematical objects 

through a connected device

the classical merlo protocol is 
strengthened asking students 
to give argumentations for 

both inclusions and exclusions 
and to choose a title 
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GRAPHIC
REGISTERLINGUISTIC REGISTER

Geometry & dynamism 
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REGISTERS OF SEMIOTIC REPRESENTATIONS ONLY



theoretical framework:

dragging supports the production of conjectures: 
exploring drawings by moving them, looking at the 
ways after which their forms change (or do not 
change), allows users to discover their invariant 
properties. The possibility of dragging offers a feedback 
to the discovering phase, and in this way it provides 
support to the role of proofs as real 

Arzarello, F., Olivero, F., Paola, D. et al., (2002) A 
cognitive analysis of dragging practices in Cabri 

environments, ZDM
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Dynamic draggable diagrams strongly affect the proving 
process in the sense of mediating what kinds of 
conjectures will be made [and] what kinds of properties 
Will Be identified and then organized. in this sense the 
diagram constructed in DGE and the schemes of use 
activated on it by the students can be considered an actual 
mediator [...] providing continuity despite the 
epistemological discontinuity between a conjecture and 
the corresponding proof
Sinclair N., Robutti O. (2012), Technology and the Role of 

Proof: The Case of Dynamic Geometry.

The cognitive role of dragging Technology & Proof



RESEARCH QUESTIONS
Is the dynamic element added to MERLO items using the GeoGebra
sw effective in helping students understand geometric concepts?

Are digital tools adding efficacy to MERLO items in the direction
of enhancing students’  conceptual thinking & argumentation?
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THE CONTENT CHOICE: the amplitude of 
a dihedral anglePˀȵɯʕȵ˔ɸɑ
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"..The study of geometry will continue with the extension 
to space of some of the themes of plane geometry, also to 

develop geometric intuition. In particular, the reciprocal 
positions of lines and planes in space, the parallelism and 

the perpendicularity, as well as the properties of the main 
geometric solids (in particular of the polyhedra and 

rotation solids) will be studied ... "

A tricky point in 3D 
Euclidean geometry 
whose knowledge is  

focal within the Italian 
national curriculum
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THE TASK DESIGN
3 dynamic figures

2 definitions

1 definition
4 dynamic figures

FINAL VERSION: 2 ITEMS
➢ 1 definition each
➢ 4 dynamic figures

DIHEDRAL ANGLE

MEASURE LINKING 2D & 3D MEASURES

FIRST 
DRAFT: 
1 ITEM

https://sites.google.com/site/merlodinamicogb/home/merlo-3d-1/3D_draft_1
https://sites.google.com/site/merlodinamicogb/home/merlo-3d-1/3D_draft_2
https://sites.google.com/site/merlodinamicogb/home/merlo-3d-1
https://sites.google.com/site/merlodinamicogb/merlo-3d-2/3D_2_1
https://sites.google.com/site/merlodinamicogb/merlo-3d-2/3D_2_2


ITEM 1 - dihedral angle a + e

Final Version: expected choices 
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ITEM 2 - measure a + c + e

https://sites.google.com/site/merlodinamicogb/home/merlo-3d-1
https://sites.google.com/site/merlodinamicogb/home/merlo-3d-1
https://sites.google.com/site/merlodinamicogb/merlo-3d-2/3D_2_2
https://sites.google.com/site/merlodinamicogb/merlo-3d-2/3D_2_2


ITEM 1 - dihedral angle a + e

Final Version: expected argumentations
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ITEM 2 - measure a + c + e

A - Target Statement
B - Section plane inclination is not fixed
C - Section plane inclination is fixed but not normal
D - The angle shown  is the one between the edge and the 
base plane and not a dihedral
E - Section plane is coherent with the target statement

A - Target Statement
B - the indicated value is not a measure of the amplitude 
of the dihedral because it varies
C - the indicated value is the well-defined univocal 
measure of the distance between a point and a line
D - the indicated value is not a measure of the distance 
between a point and a line because it varies
E -  the indicated value is the well-defined univocal 
measure of the amplitude of the dihedral 



 teaching experiments situated in a real 
educational contextGˀʞ˙ʖɗɛɗ
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we observed 4 teaching experiments 
involving dynamic MERLO items 
carried out at the secondary school 
level (12th grade) in 3 high 
schools in Turin and Milan

LICEO SCIENTIFICO 
LEONARDO DA VINCI, 
MILAN

LICEO DELLE SCIENZE 
UMANE & ISTITUTO 
TECNICO CHIMICO 
SANTORRE Di Santarosa, 
TURIN

LICEO SCIENTIFICO 
GALILEO FERRARIS, 
TURIN

1 2 & 3 4



M.E.R.L.O. SETTING AND TEACHING PRACTICE
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A typical lesson based on the use of MERLO 
items engages students in:
a) small group discussions
b) responses
c) class discussion MEDIATED BY THE TEACHER

Arzarello, F., Kenett, R. S., Robutti, O., Shafrir, U., 
Prodromou, T., & Carante, P. (2015), Teaching and 

assessing with new methodological tools (MERLO): A new 
pedagogy?



1 - observing processes: Audio 
& Video + screen activity 
recording with

Iʖ˔ɛɯˀȵ˔ɸˮɛ
combining qualitative research METHODS

2 - analyzing data: 
answer forms

3 - assessing understanding: 
written test  (1 month after)

4 - wrapping it al 
up: feedback forms Bini & Trinchero - CADGME 2018

http://www.youtube.com/watch?v=0O8BheB0Oq0
https://docs.google.com/forms/d/e/1FAIpQLScddovj-RFIiG8QsBhOTss_OfugPZa-WkcMAUMUI6HPxtQMkg/viewform
https://docs.google.com/forms/d/e/1FAIpQLSe1RNpaEBYkt9dzeAUZOQczo9cKzmUM89Cm2j8zIgx7qMMX9g/viewform


FIRST & SECOND TEACHING EXPERIMENTS: LICEO SCIENTIFICO LEONARDO DA VINCI, 
MILAN & LICEO DELLE SCIENZE UMANE SANTORRE DI SANTAROSA, TURIN
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teacher & researcher present
15 students split into groups of 3 
people each
60 min group work
● 2 groups work on item 1
● 3 groups work on item 2

30 min guided class discussion
data collected through video 
registration and written 
questionnaire

TEACHER/RESEARCHER PRESENT
15 students split into groups of 3 
people each
60 min group work
● 2 groups work on item 1
● 3 groups work on item 2

30 min guided class discussion
data collected through video 
registration and written 
questionnaire



DATA: OBSERVING SIGNS AND PROTOCOLS

EXAMPLE 3:
smaller expectations 
allow larger 
perceptions
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THE UNPREDICTED GIFTS OF MERLO PEDAGOGY

EXAMPLE 1:
AN UNEXPECTED 
(WRONG??) CHOICE 
WITH RIGHT 
ARGUMENTATIONS

EXAMPLE 2:
AN EXPECTED 
(RIGHT??) CHOICE 
WITH WRONG
ARGUMENTATIONS



ITEM 1
DIHEDRAL ANGLE

Bini & Trinchero - CADGME 2018

S1 “In fact we can consider the base (of the pyramid) as one face of the dihedral 
and the other plane that you have to imagine is this” (points to the figure)
S2 makes a gesture mimicking the two planes described by S1
S3 “I do not know if we can include it and then write that the plane is not there”
S2 “Because it seems to me that there is everything”
s3 “there is everything what?”
S2 “there is everything we need”
S3 “No because you see here there are two planes and here is a plane and an edge”X XX

OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 1



ITEM 1
DIHEDRAL ANGLE
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productive reasoning [...] includes a permanent 
interplay between conceptual and imaginative 
dynamics (FISCHBEIN, 1993)

a gestural and verbal 
thought experiment 

takes place
(Sinclair et al., 2013)

OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 1



ITEM 2
MEASURE
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The third group makes the expected choice, but argumentations reveal 
they mismatched domain and range of the measure function:
box a: we start from the definition to get to the graphical 
representation.
box b: does not correspond to definition A because a single subset 
corresponds to a real number.
box C: many subsets correspond To a real number d (distance)
box D: There are too many variables to define a function
box E: calling x the height of the yellow plane,  when x varies there is 
only one real number which is alpha= 45 °

X X X

SUGGESTED TITLE:
Functions applied to two-dimensional and 

three-dimensional figures

OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 2



ITEM 2
MEASURE

By moving the ball, we notice that the 
alpha angle varies: If the plane on 
which the ball rests is perpendicular 
to the other two planes, the angle 
will be the biggest; on the contrary, 
if the plane with the ball is in a more 
inclined position, the amplitude of 
the angle will decrease more and 
more
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OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 3

XX X



DATA: OBSERVING SIGNS AND PROTOCOLS
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THE COGNITIVE VALUE OF MERLO PEDAGOGY

EXAMPLE 4: BRINGING OUT STUDENTS’ 
MISCONCEPTIONS ABOUT 

ARGUMENTATION



ITEM 2
MEASURE
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in their questionnaire, 
students mix up description 
with argumentation: according 
to this, surface similarity leads 
to the first wrong choice

X X

OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 4



REFLECTIVE
DISCUSSION
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connecting items:
t: why cannot I take a 
randomly inclined 
section plane?
S: because the measure  
would not be unique!

how should we add a plane to box d to measure the angle 
between the base of the pyramid and the side face?

OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 5

MERLO PEDAGOGY APPROACH AS AN “OPPORTUNITY TO DISCUSS”



AFTER THE 1ST 
EXPERIMENT:

involving 
units

THE FIFTH & SIXTH DRAFT: ADJUSTING THE DEFINITION OF MEASURE 
AFTER THE 2ND 
EXPERIMENT:

eliminating 
units

Fʎɛ˴ɸɐʎɛ
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CHANGING PLANS
The assessment test administered one month after 
the teaching experiments showed that the totality of 
the students in Milan and the majority in Turin 
mastered the concept of dihedral angle, while the 
idea of measure as a function was problematic: this 
lead to a radical shift in the task design and 
eventually in a change of the second item TS
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Iʖ˔ɛˀȵ
ɑ˔ɸˮɛ



BACK TO SQUARE 1: THE DIHEDRAL ANGLE ALONE
I˔ɛˀȵ˔ɸˮɛ
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DEVOLUTION: ELICITING THE CONCEPT OF MEASURE 
AS A FUNCTION FROM STUDENTS THEMSELVES



THIRD TEACHING EXPERIMENT: ISTITUTO TECNICO CHIMICO 
SANTORRE DI SANTAROSA, TURIN
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teacher present
18 students split into groups of 3 
people each

60 min group work
● 6 groups work on item 1

30 min guided class discussion

data collected through written 
questionnaire
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the role of dynamicity & the 
emergence of new mathematical ideas 

OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 6

Because in this 
way you have the 
maximum width

WHY IS THE INCLINATION 
CHOSEN TO DEFINE THE 
AMPLITUDE OF THE DIHEDRAL 
ANGLE THE ONE PERPENDICULAR 
TO THE EDGE OF THE DIHEDRAL?

“considering that by varying the inclination the measure would 
vary, a standard measure was probably chosen, in order to make 
all measurements of the dihedral widths comparable”.

ITEM 1
DIHEDRAL
ANGLE



FROM MEASURE TO INVARIANTS

IDENTIFYING THE REAL SHARED MEANING

Fʎɛ˴ɸɐʎɛ
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https://sites.google.com/site/merlodinamicogb/merlo-3d-2


WRAPPING IT ALL UP

IDENTIFYING THE REAL SHARED MEANING
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Which connection do you see 
between this activity and the 

definition of the amplitude of 
the dihedral angle?



FOURTH TEACHING EXPERIMENT:  LICEO SCIENTIFICO GALILEO FERRARIS, TURIN
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20 students split into groups of 2/3 people each

60 min group work
● 7 groups work on item 2

30 min guided class discussion

data collected through video registration and 
written questionnaire



all groups have selected the 
expected boxes, justifying their 

choices with appropriate 
arguments

ITEM 2 - invariant a + c + e

ITEM 2 Final Version: expected & made choices 
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X XX

https://sites.google.com/site/merlodinamicogb/merlo-3d-2/3D_2_2
https://sites.google.com/site/merlodinamicogb/merlo-3d-2/3D_2_2


DATA: OBSERVING SIGNS AND PROTOCOLS
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DYNAMIC MERLO PEDAGOGY APPROACH AS A SETTING FOR 
TRANSFORMATIONAL REASONING  (M.A.SIMON)

example 7: the “ability to 
consider a dynamic process by 
which a continuum of states 

are generated”
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OBSERVING SIGNS AND PROTOCOLS:EXAMPLE 7

ITEM 2
invariants

“knowledge as the result of 
running the system”

group 1: relevant static aspects in selected boxes:
Among the static aspects we have recognized as 
relevant: in box C the distance between the two points; 
in box E the angle between the planes

group 2:relevant dynamic aspects in selected boxes:
The chosen boxes remain unchanged during the 
transformation. The width of the dihedral angle and 
the distance between two parallel lines never 
changes.
group 3: Once the images were chosen, we noticed the 
affinity of the definition with these [images]



results & conclusions
THE STUDENTS’ PERSPECTIVE
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THE TEACHERS’ PERSPECTIVE

THE MATHEMATICIANS’ 
PERSPECTIVE

THE RESEARCHERS’ 
PERSPECTIVE



DID IT WORK? THE TEACHERS’ PERSPECTIVE
IDENTIFYING THE DIHEDRAL ANGLE

DEFINING THE MEASURE
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"The distance between two points on a spherical surface is defined as the length of the arc of 
circumference belonging to the spherical surface having the two points as extremities" 
Explain why this definition of distance on the sphere is wrong and suggest how you would 
correct it



DID IT WORK? THE TEACHERS’ PERSPECTIVE
IDENTIFYING THE DIHEDRAL ANGLE

DEFINING THE MEASURE
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"The distance between two points on a spherical surface is defined as the length of the arc of 
circumference belonging to the spherical surface having the two points as extremities" 
Explain why this definition of distance on the sphere is wrong and suggest how you would 
correct it:
it is wrong because given two points we have infinite  circles lying on  the sphere; we must 
therefore specify that the circumference that we considered is that of maximum radius

ALTERNATIVE CONCEPTUAL THINKERS SCORE 
HIGHER THAN GOOD CONCEPTUAL THINKERS

U. SHAFRIR



DID IT WORK? THE STUDENTS’ PERSPECTIVE

DIHEDRAL 
ANGLE

MEASURE
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https://docs.google.com/forms/d/17WKnL8oIYIIkMGBW0kIUGgdcVGYGXwdg1yqHHWMXaZI/viewanalytics


THE ROLE OF NORMAL VECTORS 

DID IT WORK? THE MATHEMATICIANS’ PERSPECTIVE
RETHINKING THE DEFINITION

1. does the angle defined through the 
normal section correspond to an 
extreme value of the amplitude?

2. can we prove that the plane containing 
the two normal vectors is perpendicular 
to the dihedral edge?
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https://www.geogebra.org/m/PVuydbdt
https://www.geogebra.org/m/PVuydbdt


examples 3, 5 and 6 show that the perception of the necessity uniqueness for a 
well defined measure and the guessing of the maximum value for the chosen 
one were effectively driven by the dynamicity of the items 
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DID IT WORK? THE RESEARCHERS’ PERSPECTIVE
RQ1: Is the dynamic element added to 
MERLO items using the GeoGebra sw 
effective in helping students 
understand geometric concepts?

★ EXAMPLE 3 BIGGEST ANGLE
★ EXAMPLE 5 CLASS DISCUSSION
★ EXAMPLE 6 MEASURE

https://docs.google.com/forms/d/17WKnL8oIYIIkMGBW0kIUGgdcVGYGXwdg1yqHHWMXaZI/viewanalytics


examples 1, 2, 4 and 7 show that allowing students to interact with mathematical 
objects by the means of digital tools can promote valid argumentations, help in 
focalizing incorrect ones and foster transformational reasoning
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DID IT WORK? THE RESEARCHERS’ PERSPECTIVE

RQ2: Are digital tools adding efficacy 
to MERLO items in the direction of 
enhancing students’  conceptual 
thinking & argumentation?

★ EXAMPLE 1 THOUGHT EXPERIMENT
★ EXAMPLE 2 RIGHT ANSWER, WRONG ARGUMENTATION
★ EXAMPLE 4 DESCRIPTION VS ARGUMENTATION
★ EXAMPLE 7 STATIC VS DYNAMIC INVARIANTS

https://docs.google.com/forms/d/17WKnL8oIYIIkMGBW0kIUGgdcVGYGXwdg1yqHHWMXaZI/viewanalytics


THANK YOU
OBRIGADA

MERCI     
DANKE 

GRAZIE MILLE!
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