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I distinguish the case where L is a positive or L is a negative literal. Firstly,
assume L is positive, i.e., L = P for some propositional variable P . Now if P is
strictly maximal in C ∨ P then actually δC∨P = {P} and hence NI |= C ∨ P ,
a contradiction. So P is not strictly maximal. But then actually C ∨ P has the
form C ′

1 ∨ P ∨ P and Factoring derives C ′
1 ∨ P where (C ′

1 ∨ P ) ≺ (C ′
1 ∨ P ∨ P ).

Now C ′
1 ∨ P is not redundant, strictly smaller than C ∨ L, we have C ′

1 ∨ P ∈ N
and NI ̸|= C ′

1 ∨ P , a contradiction against the choice that C ∨ L is minimal.
Secondly, assume L is negative, i.e., L = ¬P for some propositional variable

P . Then, since NI ̸|= C ∨ ¬P it holds P ∈ NI . So there is a clause D ∨ P ∈ N
where δD∨P = {P} and P is strictly maximal inD∨P and (D∨P ) ≺ (C∨¬P ). So
Superposition Left derives C ∨ D where (C ∨ D) ≺ (C ∨ ¬P ) by Proposition 2.
The derived clause C ∨ D cannot be redundant, because for otherwise either
NC∨D |= D or NC∨D |= C. So C ∨ D ∈ N and NI ̸|= C ∨ D, a contradiction
against the choice that C ∨ L is the minimal false clause. !

Note that the reverse of the above theorem does not hold. If NI |= N the set
N is not necessarily saturated. For example, consider the clause setN = {P,¬P∨
¬Q} with ordering Q ≺ P . Then NI |= N but for saturation a Superposition
Left inference between the two clauses is required. Maintaining an explicit model
assumption can be beneficial for deciding satisfiability of N , because it enables
to detect satisfiability before the clause set is saturated.

For a superposition implementation, the proof actually implies that at any
point in the derivation only either a Superposition Left inference between a min-
imal false clause and a productive clause or a Factoring inference on a minimal
false clause need to be considered. This principle is shared by the CDCL calculus,
see the section below.

4 CDCL – Conflict Driven Clause Learning

The CDCL calculus tests satisfiability of a finite set N of propositional clauses.
I assume that ⊥ ̸∈ N and that the clauses in N do not contain duplicate literal
occurrences.

The CDCL calculus explicitely builds a candidate model for a clause set. If
such a sequence of literals L1, . . . , Ln satisfies the clause set N , it is done. If
not, there is a false clause C ∈ N with respect to L1, . . . , Ln. Now instead of
just backtracking through the literals L1, . . . , Ln, CDCL generates in addition
a new clause that actually guarantees that the subsequence of L1, . . . , Ln that
caused C to be false will not be generated anymore. This causes CDCL to be
exponentially more powerful in proof length than its predecessor DPLL [7] or
classical Tableau [17].

A CDCL problem state is a five-tuple (M ;N ;U ; k;C) where M a sequence
of annotated literals representing a partial model, called a trail, N and U are
sets of clauses, k ∈ N, and C is a non-empty clause or ⊤ or ⊥, called the mode
of the state. In particular, the following states can be distinguished:
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(ϵ;N ; ∅; 0;⊤) is the start state for some clause set N
(M ;N ;U ; k;⊤) is a final state, if M |= N and all literals from N are

defined in M
(M ;N ;U ; k;⊥) is a final state, where N has no model
(M ;N ;U ; k;⊤) is an intermediate model search state if M ̸|= N or

not all literals from N are defined in M
(M ;N ;U ; k;D) is a backtracking state if D ̸∈ {⊤,⊥}

Literals in L ∈ M are either annotated with a number, a level, i.e., they have
the form Lk meaning that L is the k − th guessed decision literal, or they are
annotated with a clause that forced the literal to become true. A literal L is of
level k with respect to a problem state (M ;N ;U ; j;C) if L or comp(L) occurs
in M and the first decision literal left from L (comp(L)) in M is annotated with
k. If there is no such decision literal then k = 0. A clause D is of level k with
respect to a problem state (M ;N ;U ; j;C) if k is the maximal level of a literal
in D. Recall that the mode C is a non-empty clause or ⊤ or ⊥. The rules are

Propagate(M ;N ;U ; k;⊤) ⇒CDCL (MLC∨L;N ;U ; k;⊤)
provided C ∨ L ∈ (N ∪ U), M |= ¬C, and L is undefined in M

Decide (M ;N ;U ; k;⊤) ⇒CDCL (MLk+1;N ;U ; k + 1;⊤)
provided L is undefined in M

Conflict (M ;N ;U ; k;⊤) ⇒CDCL (M ;N ;U ; k;D)
provided D ∈ (N ∪ U) and M |= ¬D

Skip (MLC∨L;N ;U ; k;D) ⇒CDCL (M ;N ;U ; k;D)
provided D ̸∈ {⊤,⊥} and comp(L) does not occur in D

Resolve (MLC∨L;N ;U ; k;D ∨ comp(L)) ⇒CDCL (M ;N ;U ; k;D ∨ C)
provided D is of level k

Backtrack(M1Ki+1M2;N ;U ; k;D∨L) ⇒CDCL (M1LD∨L;N ;U∪{D∨L}; i;⊤)
provided L is of level k and D is of level i.

Restart (M ;N ;U ; k;⊤) ⇒CDCL (ϵ;N ;U ; 0;⊤)
provided M ̸|= N

Forget (M ;N ;U * {C}; k;⊤) ⇒CDCL (M ;N ;U ; k;⊤)
provided M ̸|= N

Compared to expositions of this calculus in the literature, e.g. [12], the above
rule set is more concrete. It does not need a Fail rule anymore and 1UIP back-
tracking [6] is build in. The clause D ∨ L immediately propagates after Back-
tracking. Recall that ⊥ denotes the empty clause, hence failure of searching
for a model. The level of the empty clause ⊥ is 0. The clause D ∨ L added in
rule Backtrack to U is called a learned clause. When applying Resolve I silently
assume that duplicate literal occurrences are merged, i.e., the clause D ∨ C is
always condensed (see Section 3). Compared to superposition, condensation is
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For the clause set N \{¬P∨Q} the fourth last state (¬Q¬QPP∨Q;N ; {¬Q}; 0;⊤)
is terminal, representing the model ¬QP .

Example 9 (CDCL Stuck). The CDCL calculus can even get stuck, i.e., a
sequence of rule applications leads to a state where no rule is applicable anymore,
but the state does neither indicate satisfiability, nor unsatisfiability. Consider a
clause set N = {Q ∨ P,¬P ∨ ¬R, . . .} and the derivation

(ϵ;N ; ∅; 0;⊤)
⇒Decide

CDCL (P 1;N ; ∅; 1;⊤)
⇒Decide

CDCL (P 1R2;N ; ∅; 2;⊤)
⇒Decide

CDCL (P 1R2Q3;N ; ∅; 3;⊤)
⇒Conflict

CDCL (P 1R2Q3;N ; ∅; 3;¬P ∨ ¬R).

Obviously, neither Skip nor Resolve are applicable to the final state. Backtrack-
ing is not applicable as well because ¬P ∨ ¬R is of level 2 and the actual level
of the final state is 3.

Example 10 (CDCL Redundancy). The CDCL calculus can also produce
redundant clauses, in particular learn a clause that is already contained in N∪U .
Consider again a clause set N = {Q ∨ P,¬P ∨ ¬R, . . .} and the derivation

(ϵ;N ; ∅; 0;⊤)
⇒Decide

CDCL (P 1;N ; ∅; 1;⊤)
⇒Decide

CDCL (P 1R2;N ; ∅; 2;⊤)
⇒Conflict

CDCL (P 1R2;N ; ∅; 2;¬P ∨ ¬R).
⇒Backtrack

CDCL (P 1¬R¬P∨¬R;N ; {¬P ∨ ¬R}; 1;⊤)

where the clause ¬P ∨ ¬R is learned although it is already contained in N .

In an implementation the rule Conflict is preferred over the rule Propagate
and both over all other rules. Exactly this strategy has been used in Example 8
and is called reasonable below. A further ingredient of a state-of-the-art imple-
mentation is a dynamic heuristic suggesting which literal is actually used by the
rule Decide. This heuristic typically depends on the literals resolved by the rule
Resolve or that are contained in an eventually learned clause. All these literals
“get a bonus”, e.g., see [6].

Definition 11 (Reasonable CDCL Strategy). A CDCL strategy is reason-
able if the rule Conflict is always preferred over the rule Propagate which is
always preferred over all other rules.

Proposition 12 (CDCL Basic Properties). Consider a CDCL state
(M ;N ;U ; k;C) derived from a start state (ϵ, N, ∅, 0,⊤) by any strategy but
without using the rules Restart and Forget. Then the following properties hold:

1. M is consistent.
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Proof. By induction on the length ofM . Assume we have already reached a state
(M ′;N ;U ; k;⊤) where M ′ ⊂ M . If Propagate is applicable to (M ′;N ;U ; k;⊤)
extending it to (M ′LC∨L;N ;U ; k;⊤) then L ∈ M . For otherwise, I pick a literal
L ∈ M that is not defined in M ′ and apply Decide yielding (M ′Lk+1;N ;U ; k +
1;⊤). The rule Conflict is not applicable, because M |= N and M ′ ⊂ M . !

Proposition 16 (CDCL Termination). Assume the algorithm CDCL with
all rules except Restart and Forget is applied using a reasonable strategy. Then
it terminates in a state (M ;N ;U ; k;D) with D ∈ {⊤,⊥}.

Proof. By Lemma 14 if CDCL terminates using a reasonable strategy then
D ∈ {⊤,⊥}. I show termination by contradiction. By Proposition 12.8 an infi-
nite run includes infinitely many Backtrack applications. By Lemma 13 each
learned clause does not occur in N ∪ U . But there are only finitely many dif-
ferent condensed clauses with respect to the finite signature contained in N . A
contradiction. !

5 Superposition and CDCL

At the time of this writing it is often believed that the superposition (resolution)
calculus is not a good choice on SAT problems in practice. Most of the successful
SAT solvers implemented in 2015 are based on CDCL. In this section I will
develop some relationships between superposition and CDCL. Actually, CDCL
can be considered as a superposition calculus with respect to a generalized model
operator.

The goal of the original superposition model operator, Definition 4, is to cre-
ate minimal models with respect to positive literals, see Proposition 5.5. How-
ever, if the goal of generating minimal models is dropped, then there is more
freedom to construct models while preserving the general properties of the super-
position calculus, in particular, the notion of redundancy. The gained freedom
can be used to be more flexible when generating a partial model with respect to
a given set of clauses. For example, consider the two clauses in the clause set

N = {P ∨ Q, ¬P ∨ R}
with precedence R ≺ Q ≺ P . The superposition model operator generates
NI = {P} which is not a model for N . However, this model can be extended
to a model for N by adding R to it. The superposition model operator does
not include R because it is not maximal in the second clause. Starting with a
decision on P , the CDCL calculus derives the model P R via propagation. In
the sequel, I show that a generalized superposition model operator can in fact
generate this model as well.

In addition to an ordering ≺ I assume a decision heuristic H that selects
whether a literal should be productive, i.e., included in the model, or not.

Definition 17 (Heuristic-Based Partial Model Construction). Given a
clause set N , an ordering ≺ and a variable heuristic H : Σ → {0, 1}, the (partial)
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always applied eagerly without mentioning. The CDCL algorithm stops with a
model M if neither Propagate nor Decide nor Conflict are applicable to a state
(M ;N ;U ; k;⊤), hence M |= N and all literals of N are defined in M . The only
possibility to generate a state (M ;N ;U ; k;⊥) is by the rule Resolve. So in case
of detecting unsatisfiability the CDCL algorithm actually generates a resolu-
tion proof as a certificate. I will discuss this aspect in more detail in Section 5.
In the special case of a unit clause L, the rule Propagate actually annotates
the literal L with itself. So the propagated literals on the trail are anno-
tated with the respective propagating clause and the decision literals with the
respective level.

Obviously, the CDCL rule set does not terminate in general for a number of
reasons. For example, starting with (ϵ;N ; ∅; 0;⊤) any combination of the rules
Propagate, Decide and eventually Restart yields the start state again. Even after
a successful application of Backtrack, exhaustive application of Forget followed
by Restart again may produce the start state. So why these rules Forget and
Restart? Actually, any modern SAT solver makes use of the two rules. The rule
Forget is needed to get rid of “redundant” clauses. For otherwise, the number of
clauses in N ∪U may get too large to be processed anymore in an efficient way.
The rule Restart makes sense with respect to a suitable heuristic for selecting
the decision literals. If applied properly, it helps the calculus to focus on a part
of N where it currently can make progress [6].

The original SAT literature [6,10,11,16] does not contain a redundancy
notion for CDCL. A huge part of the results were found out via system design,
such as the early Chaff or RelSAT, and experimental evaluation. I will develop
a theoretical foundation in Section 5.

The following examples show that if the CDCL rules are applied in an arbi-
trary order, then unwanted phenomena can happen. The rules produce stuck
states and clauses are learned that are already contained in the set N ∪ U . In
order to overcome all these situations, a strategy prioritizing certain rule appli-
cations is eventually added.

Example 8 (CDCL Proof). Consider the clause setN = {P∨Q,¬P∨Q,¬Q∨
P,¬P∨¬Q}. For the following CDCL derivation the rules Conflict and Propagate
are preferred over the other rules.

(ϵ;N ; ∅; 0;⊤)
⇒Decide

CDCL (Q1;N ; ∅; 1;⊤)
⇒Propagate

CDCL (Q1P¬Q∨P ;N ; ∅; 1;⊤)
⇒Conflict

CDCL (Q1P¬Q∨P ;N ; ∅; 1;¬P ∨ ¬Q)
⇒Resolve

CDCL (Q1;N ; ∅; 1;¬Q)
⇒Backtrack

CDCL (¬Q¬Q;N ; {¬Q}; 0;⊤)
⇒Propagate

CDCL (¬Q¬QPP∨Q;N ; {¬Q}; 0;⊤)
⇒Conflict

CDCL (¬Q¬QPP∨Q;N ; {¬Q}; 0;¬P ∨ Q)
⇒Resolve

CDCL (¬Q¬Q;N ; {¬Q}; 0;Q)
⇒Resolve

CDCL (ϵ;N ; {¬Q}; 0;⊥)
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2. All C is entailed by N .
3. If C ̸∈ {⊤,⊥} then M |= ¬C.
4. If C = ⊤ and M contains only propagated literals then for each interpreta-

tion I with I |= N it holds that I |= M , i.e., M ⊆ I.
5. If C = ⊤, M contains only propagated literals and M |= ¬D for some

D ∈ (N ∪ U) then N is unsatisfiable.
6. If C = ⊥ then CDCL terminates and N is unsatisfiable.
7. k is the maximal level of a literal in M .
8. Each infinite derivation

(ϵ;N ; ∅; 0;⊤) ⇒CDCL (M1;N ;U1; k1;D1) ⇒CDCL . . .
contains an infinite number of Backtrack applications.

Lemma 13 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N ∪ U .

Proof. By contradiction. Assume CDCL learns the same clause twice, i.e.,
it reaches a state (M ;N ;U ; k;D ∨ L) where Backtracking is applica-
ble and D ∨ L ∈ (N ∪ U). More precisely, the state has the form
(M1Ki+1M ′

2K
k
1K2 . . .Kn;N ;U ; k;D ∨ L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D∨L is false in M1Ki+1M ′

2K
k
1K2 . . .Kn and D∨L ∈ (N ∪U) instead of decid-

ing Kk the literal L should have been propagated by a reasonable strategy. A
contradiction. !

Lemma 14 (CDCL Soundness). In a reasonable CDCL derivation, CDCL
can only terminate in two different final states: (M ;N ;U ; k;⊤) where M |= N
and (M ;N ;U ; k;⊥) where N is unsatisfiable.

Proof. If CDCL terminates with (M ;N ;U ; k;⊤) then all literals of N are defined
in M and Conflict is not applicable, i.e., for all clauses C ∈ N it holds M |=
C, so M |= N . In addition if CDCL terminates with (M ;N ;U ; k;⊥) then by
Proposition 12.2 the clause set N is unsatisfiable.

What remains is to show that with a reasonable strategy CDCL cannot get
stuck, see Example 9. I prove that no stuck state can be reached by contradiction.
Assume that CDCL terminates in a state (M1Ki+1M ′

2K
k
1K2 . . .Kn;N ;U ; k;D∨

L), where the Ki, i > 1, are propagated literals. If comp(Kn) ̸= L and n > 1
then Skip is applicable. If comp(Kn) = L then either Resolve or Backtrack
is applicable. Since neither Skip, Resolve, or Backtrack are applicable, it holds
n = 1 and the complement ofKk

1 does not occur inD∨L. But thenM1Ki+1M ′
2 |=

¬(D ∨ L) so the decision on Kk
1 contradicts a reasonable strategy. !

Proposition 15 (CDCL Strong Completeness). The CDCL rule set is
strongly complete: for any interpretation M restricted to the variables occur-
ring in N with M |= N , there is a reasonable sequence of rule applications
generating (M ′;N ;U ; k;⊤) as a final state, where M and M ′ only differ in the
order of literals.
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I distinguish the case where L is a positive or L is a negative literal. Firstly,
assume L is positive, i.e., L = P for some propositional variable P . Now if P is
strictly maximal in C ∨ P then actually δC∨P = {P} and hence NI |= C ∨ P ,
a contradiction. So P is not strictly maximal. But then actually C ∨ P has the
form C ′

1 ∨ P ∨ P and Factoring derives C ′
1 ∨ P where (C ′

1 ∨ P ) ≺ (C ′
1 ∨ P ∨ P ).

Now C ′
1 ∨ P is not redundant, strictly smaller than C ∨ L, we have C ′

1 ∨ P ∈ N
and NI ̸|= C ′

1 ∨ P , a contradiction against the choice that C ∨ L is minimal.
Secondly, assume L is negative, i.e., L = ¬P for some propositional variable

P . Then, since NI ̸|= C ∨ ¬P it holds P ∈ NI . So there is a clause D ∨ P ∈ N
where δD∨P = {P} and P is strictly maximal inD∨P and (D∨P ) ≺ (C∨¬P ). So
Superposition Left derives C ∨ D where (C ∨ D) ≺ (C ∨ ¬P ) by Proposition 2.
The derived clause C ∨ D cannot be redundant, because for otherwise either
NC∨D |= D or NC∨D |= C. So C ∨ D ∈ N and NI ̸|= C ∨ D, a contradiction
against the choice that C ∨ L is the minimal false clause. !

Note that the reverse of the above theorem does not hold. If NI |= N the set
N is not necessarily saturated. For example, consider the clause setN = {P,¬P∨
¬Q} with ordering Q ≺ P . Then NI |= N but for saturation a Superposition
Left inference between the two clauses is required. Maintaining an explicit model
assumption can be beneficial for deciding satisfiability of N , because it enables
to detect satisfiability before the clause set is saturated.

For a superposition implementation, the proof actually implies that at any
point in the derivation only either a Superposition Left inference between a min-
imal false clause and a productive clause or a Factoring inference on a minimal
false clause need to be considered. This principle is shared by the CDCL calculus,
see the section below.

4 CDCL – Conflict Driven Clause Learning

The CDCL calculus tests satisfiability of a finite set N of propositional clauses.
I assume that ⊥ ̸∈ N and that the clauses in N do not contain duplicate literal
occurrences.

The CDCL calculus explicitely builds a candidate model for a clause set. If
such a sequence of literals L1, . . . , Ln satisfies the clause set N , it is done. If
not, there is a false clause C ∈ N with respect to L1, . . . , Ln. Now instead of
just backtracking through the literals L1, . . . , Ln, CDCL generates in addition
a new clause that actually guarantees that the subsequence of L1, . . . , Ln that
caused C to be false will not be generated anymore. This causes CDCL to be
exponentially more powerful in proof length than its predecessor DPLL [7] or
classical Tableau [17].

A CDCL problem state is a five-tuple (M ;N ;U ; k;C) where M a sequence
of annotated literals representing a partial model, called a trail, N and U are
sets of clauses, k ∈ N, and C is a non-empty clause or ⊤ or ⊥, called the mode
of the state. In particular, the following states can be distinguished:
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(ϵ;N ; ∅; 0;⊤) is the start state for some clause set N
(M ;N ;U ; k;⊤) is a final state, if M |= N and all literals from N are

defined in M
(M ;N ;U ; k;⊥) is a final state, where N has no model
(M ;N ;U ; k;⊤) is an intermediate model search state if M ̸|= N or

not all literals from N are defined in M
(M ;N ;U ; k;D) is a backtracking state if D ̸∈ {⊤,⊥}

Literals in L ∈ M are either annotated with a number, a level, i.e., they have
the form Lk meaning that L is the k − th guessed decision literal, or they are
annotated with a clause that forced the literal to become true. A literal L is of
level k with respect to a problem state (M ;N ;U ; j;C) if L or comp(L) occurs
in M and the first decision literal left from L (comp(L)) in M is annotated with
k. If there is no such decision literal then k = 0. A clause D is of level k with
respect to a problem state (M ;N ;U ; j;C) if k is the maximal level of a literal
in D. Recall that the mode C is a non-empty clause or ⊤ or ⊥. The rules are

Propagate(M ;N ;U ; k;⊤) ⇒CDCL (MLC∨L;N ;U ; k;⊤)
provided C ∨ L ∈ (N ∪ U), M |= ¬C, and L is undefined in M

Decide (M ;N ;U ; k;⊤) ⇒CDCL (MLk+1;N ;U ; k + 1;⊤)
provided L is undefined in M

Conflict (M ;N ;U ; k;⊤) ⇒CDCL (M ;N ;U ; k;D)
provided D ∈ (N ∪ U) and M |= ¬D

Skip (MLC∨L;N ;U ; k;D) ⇒CDCL (M ;N ;U ; k;D)
provided D ̸∈ {⊤,⊥} and comp(L) does not occur in D

Resolve (MLC∨L;N ;U ; k;D ∨ comp(L)) ⇒CDCL (M ;N ;U ; k;D ∨ C)
provided D is of level k

Backtrack(M1Ki+1M2;N ;U ; k;D∨L) ⇒CDCL (M1LD∨L;N ;U∪{D∨L}; i;⊤)
provided L is of level k and D is of level i.

Restart (M ;N ;U ; k;⊤) ⇒CDCL (ϵ;N ;U ; 0;⊤)
provided M ̸|= N

Forget (M ;N ;U * {C}; k;⊤) ⇒CDCL (M ;N ;U ; k;⊤)
provided M ̸|= N

Compared to expositions of this calculus in the literature, e.g. [12], the above
rule set is more concrete. It does not need a Fail rule anymore and 1UIP back-
tracking [6] is build in. The clause D ∨ L immediately propagates after Back-
tracking. Recall that ⊥ denotes the empty clause, hence failure of searching
for a model. The level of the empty clause ⊥ is 0. The clause D ∨ L added in
rule Backtrack to U is called a learned clause. When applying Resolve I silently
assume that duplicate literal occurrences are merged, i.e., the clause D ∨ C is
always condensed (see Section 3). Compared to superposition, condensation is
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For the clause set N \{¬P∨Q} the fourth last state (¬Q¬QPP∨Q;N ; {¬Q}; 0;⊤)
is terminal, representing the model ¬QP .

Example 9 (CDCL Stuck). The CDCL calculus can even get stuck, i.e., a
sequence of rule applications leads to a state where no rule is applicable anymore,
but the state does neither indicate satisfiability, nor unsatisfiability. Consider a
clause set N = {Q ∨ P,¬P ∨ ¬R, . . .} and the derivation

(ϵ;N ; ∅; 0;⊤)
⇒Decide

CDCL (P 1;N ; ∅; 1;⊤)
⇒Decide

CDCL (P 1R2;N ; ∅; 2;⊤)
⇒Decide

CDCL (P 1R2Q3;N ; ∅; 3;⊤)
⇒Conflict

CDCL (P 1R2Q3;N ; ∅; 3;¬P ∨ ¬R).

Obviously, neither Skip nor Resolve are applicable to the final state. Backtrack-
ing is not applicable as well because ¬P ∨ ¬R is of level 2 and the actual level
of the final state is 3.

Example 10 (CDCL Redundancy). The CDCL calculus can also produce
redundant clauses, in particular learn a clause that is already contained in N∪U .
Consider again a clause set N = {Q ∨ P,¬P ∨ ¬R, . . .} and the derivation

(ϵ;N ; ∅; 0;⊤)
⇒Decide

CDCL (P 1;N ; ∅; 1;⊤)
⇒Decide

CDCL (P 1R2;N ; ∅; 2;⊤)
⇒Conflict

CDCL (P 1R2;N ; ∅; 2;¬P ∨ ¬R).
⇒Backtrack

CDCL (P 1¬R¬P∨¬R;N ; {¬P ∨ ¬R}; 1;⊤)

where the clause ¬P ∨ ¬R is learned although it is already contained in N .

In an implementation the rule Conflict is preferred over the rule Propagate
and both over all other rules. Exactly this strategy has been used in Example 8
and is called reasonable below. A further ingredient of a state-of-the-art imple-
mentation is a dynamic heuristic suggesting which literal is actually used by the
rule Decide. This heuristic typically depends on the literals resolved by the rule
Resolve or that are contained in an eventually learned clause. All these literals
“get a bonus”, e.g., see [6].

Definition 11 (Reasonable CDCL Strategy). A CDCL strategy is reason-
able if the rule Conflict is always preferred over the rule Propagate which is
always preferred over all other rules.

Proposition 12 (CDCL Basic Properties). Consider a CDCL state
(M ;N ;U ; k;C) derived from a start state (ϵ, N, ∅, 0,⊤) by any strategy but
without using the rules Restart and Forget. Then the following properties hold:

1. M is consistent.
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Proof. By induction on the length ofM . Assume we have already reached a state
(M ′;N ;U ; k;⊤) where M ′ ⊂ M . If Propagate is applicable to (M ′;N ;U ; k;⊤)
extending it to (M ′LC∨L;N ;U ; k;⊤) then L ∈ M . For otherwise, I pick a literal
L ∈ M that is not defined in M ′ and apply Decide yielding (M ′Lk+1;N ;U ; k +
1;⊤). The rule Conflict is not applicable, because M |= N and M ′ ⊂ M . !

Proposition 16 (CDCL Termination). Assume the algorithm CDCL with
all rules except Restart and Forget is applied using a reasonable strategy. Then
it terminates in a state (M ;N ;U ; k;D) with D ∈ {⊤,⊥}.

Proof. By Lemma 14 if CDCL terminates using a reasonable strategy then
D ∈ {⊤,⊥}. I show termination by contradiction. By Proposition 12.8 an infi-
nite run includes infinitely many Backtrack applications. By Lemma 13 each
learned clause does not occur in N ∪ U . But there are only finitely many dif-
ferent condensed clauses with respect to the finite signature contained in N . A
contradiction. !

5 Superposition and CDCL

At the time of this writing it is often believed that the superposition (resolution)
calculus is not a good choice on SAT problems in practice. Most of the successful
SAT solvers implemented in 2015 are based on CDCL. In this section I will
develop some relationships between superposition and CDCL. Actually, CDCL
can be considered as a superposition calculus with respect to a generalized model
operator.

The goal of the original superposition model operator, Definition 4, is to cre-
ate minimal models with respect to positive literals, see Proposition 5.5. How-
ever, if the goal of generating minimal models is dropped, then there is more
freedom to construct models while preserving the general properties of the super-
position calculus, in particular, the notion of redundancy. The gained freedom
can be used to be more flexible when generating a partial model with respect to
a given set of clauses. For example, consider the two clauses in the clause set

N = {P ∨ Q, ¬P ∨ R}
with precedence R ≺ Q ≺ P . The superposition model operator generates
NI = {P} which is not a model for N . However, this model can be extended
to a model for N by adding R to it. The superposition model operator does
not include R because it is not maximal in the second clause. Starting with a
decision on P , the CDCL calculus derives the model P R via propagation. In
the sequel, I show that a generalized superposition model operator can in fact
generate this model as well.

In addition to an ordering ≺ I assume a decision heuristic H that selects
whether a literal should be productive, i.e., included in the model, or not.

Definition 17 (Heuristic-Based Partial Model Construction). Given a
clause set N , an ordering ≺ and a variable heuristic H : Σ → {0, 1}, the (partial)
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always applied eagerly without mentioning. The CDCL algorithm stops with a
model M if neither Propagate nor Decide nor Conflict are applicable to a state
(M ;N ;U ; k;⊤), hence M |= N and all literals of N are defined in M . The only
possibility to generate a state (M ;N ;U ; k;⊥) is by the rule Resolve. So in case
of detecting unsatisfiability the CDCL algorithm actually generates a resolu-
tion proof as a certificate. I will discuss this aspect in more detail in Section 5.
In the special case of a unit clause L, the rule Propagate actually annotates
the literal L with itself. So the propagated literals on the trail are anno-
tated with the respective propagating clause and the decision literals with the
respective level.

Obviously, the CDCL rule set does not terminate in general for a number of
reasons. For example, starting with (ϵ;N ; ∅; 0;⊤) any combination of the rules
Propagate, Decide and eventually Restart yields the start state again. Even after
a successful application of Backtrack, exhaustive application of Forget followed
by Restart again may produce the start state. So why these rules Forget and
Restart? Actually, any modern SAT solver makes use of the two rules. The rule
Forget is needed to get rid of “redundant” clauses. For otherwise, the number of
clauses in N ∪U may get too large to be processed anymore in an efficient way.
The rule Restart makes sense with respect to a suitable heuristic for selecting
the decision literals. If applied properly, it helps the calculus to focus on a part
of N where it currently can make progress [6].

The original SAT literature [6,10,11,16] does not contain a redundancy
notion for CDCL. A huge part of the results were found out via system design,
such as the early Chaff or RelSAT, and experimental evaluation. I will develop
a theoretical foundation in Section 5.

The following examples show that if the CDCL rules are applied in an arbi-
trary order, then unwanted phenomena can happen. The rules produce stuck
states and clauses are learned that are already contained in the set N ∪ U . In
order to overcome all these situations, a strategy prioritizing certain rule appli-
cations is eventually added.

Example 8 (CDCL Proof). Consider the clause setN = {P∨Q,¬P∨Q,¬Q∨
P,¬P∨¬Q}. For the following CDCL derivation the rules Conflict and Propagate
are preferred over the other rules.

(ϵ;N ; ∅; 0;⊤)
⇒Decide

CDCL (Q1;N ; ∅; 1;⊤)
⇒Propagate

CDCL (Q1P¬Q∨P ;N ; ∅; 1;⊤)
⇒Conflict

CDCL (Q1P¬Q∨P ;N ; ∅; 1;¬P ∨ ¬Q)
⇒Resolve

CDCL (Q1;N ; ∅; 1;¬Q)
⇒Backtrack

CDCL (¬Q¬Q;N ; {¬Q}; 0;⊤)
⇒Propagate

CDCL (¬Q¬QPP∨Q;N ; {¬Q}; 0;⊤)
⇒Conflict

CDCL (¬Q¬QPP∨Q;N ; {¬Q}; 0;¬P ∨ Q)
⇒Resolve

CDCL (¬Q¬Q;N ; {¬Q}; 0;Q)
⇒Resolve

CDCL (ϵ;N ; {¬Q}; 0;⊥)
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2. All C is entailed by N .
3. If C ̸∈ {⊤,⊥} then M |= ¬C.
4. If C = ⊤ and M contains only propagated literals then for each interpreta-

tion I with I |= N it holds that I |= M , i.e., M ⊆ I.
5. If C = ⊤, M contains only propagated literals and M |= ¬D for some

D ∈ (N ∪ U) then N is unsatisfiable.
6. If C = ⊥ then CDCL terminates and N is unsatisfiable.
7. k is the maximal level of a literal in M .
8. Each infinite derivation

(ϵ;N ; ∅; 0;⊤) ⇒CDCL (M1;N ;U1; k1;D1) ⇒CDCL . . .
contains an infinite number of Backtrack applications.

Lemma 13 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N ∪ U .

Proof. By contradiction. Assume CDCL learns the same clause twice, i.e.,
it reaches a state (M ;N ;U ; k;D ∨ L) where Backtracking is applica-
ble and D ∨ L ∈ (N ∪ U). More precisely, the state has the form
(M1Ki+1M ′

2K
k
1K2 . . .Kn;N ;U ; k;D ∨ L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D∨L is false in M1Ki+1M ′

2K
k
1K2 . . .Kn and D∨L ∈ (N ∪U) instead of decid-

ing Kk the literal L should have been propagated by a reasonable strategy. A
contradiction. !

Lemma 14 (CDCL Soundness). In a reasonable CDCL derivation, CDCL
can only terminate in two different final states: (M ;N ;U ; k;⊤) where M |= N
and (M ;N ;U ; k;⊥) where N is unsatisfiable.

Proof. If CDCL terminates with (M ;N ;U ; k;⊤) then all literals of N are defined
in M and Conflict is not applicable, i.e., for all clauses C ∈ N it holds M |=
C, so M |= N . In addition if CDCL terminates with (M ;N ;U ; k;⊥) then by
Proposition 12.2 the clause set N is unsatisfiable.

What remains is to show that with a reasonable strategy CDCL cannot get
stuck, see Example 9. I prove that no stuck state can be reached by contradiction.
Assume that CDCL terminates in a state (M1Ki+1M ′

2K
k
1K2 . . .Kn;N ;U ; k;D∨

L), where the Ki, i > 1, are propagated literals. If comp(Kn) ̸= L and n > 1
then Skip is applicable. If comp(Kn) = L then either Resolve or Backtrack
is applicable. Since neither Skip, Resolve, or Backtrack are applicable, it holds
n = 1 and the complement ofKk

1 does not occur inD∨L. But thenM1Ki+1M ′
2 |=

¬(D ∨ L) so the decision on Kk
1 contradicts a reasonable strategy. !

Proposition 15 (CDCL Strong Completeness). The CDCL rule set is
strongly complete: for any interpretation M restricted to the variables occur-
ring in N with M |= N , there is a reasonable sequence of rule applications
generating (M ′;N ;U ; k;⊤) as a final state, where M and M ′ only differ in the
order of literals.
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‣ Eat our own dog food 

case study for proof assistants and automatic provers 

‣ Build libraries for state-of-the-art research 

Automated Reasoning:  
The Art of Generic Problem Solving 
(forthcoming textbook by Weidenbach)

Motivation
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DPLL

Propagate + Decide + BackjumpDPLL+BJ

Propagate + Decide + Backtrack=

=

Core of CDCL: DPLL+BJ

⊆

Backtrack

‣ deduce termination from DPLL+BJ

Backtrack

‣ get all theorems for free from DPLL+BJ

Backjump⇒

Parametrised Backjump(                )=
BT cond
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sublocale DPLL ⊆ DPLL+BJ where
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=DPLL (                )DPLL+BJ

Backtrack Parametrised Backjump(                )=

DPLL

specialises

BT cond

BT cond

prove those 
assumptions

Development hierarchy



26

CDCL_abs + Learn + ForgetDPLL+BJ 

DPLL

specialises

CDCL_abs

extends

=

DPLL+BJ

Development hierarchy
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CDCL_abs

 Learn Forget Learn   Forget Learn ...

+=

DPLL+BJ

+DPLL+BJ

A _ ¬B A _ ¬B A _ ¬BA _ ¬B A _ ¬B
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Learn
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Backjump

Learn
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✗
✗

✔ ✔

Backjump

Learn
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DPLL CDCL_abs

CDCL_abs_learn_bj

extendsspecialises

CDCL_abs_learn_bj

learn only clause of backjump
successful in real implementations

DPLL+BJ

Development hierarchy

refines
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DPLL CDCL_abs

CDCL_abs+restart

extends

extends

 CDCL_abs_learn_bj+restart

CDCL_abs_learn_bj

refines

   refines  

specialises extends
DPLL+BJ

Development hierarchy
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CDCL_abs_
learn_bj + Restart

Restart Restart Restart Restart ...

CDCL_abs + RestartCDCL_abs+restart
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CDCL_abs_
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CDCL_abs_
learn_bj + Restart
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 CDCL_abs_learn_bj 

    ...      
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CDCL_abs_learn_bj+restart_T
refines

DPLL CDCL_abs

CDCL_abs+restart
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CDCL_abs_learn_bj

refines
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Development hierarchy
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on paper
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‣ First unique implication point

How do we get a suitable     ?C 0
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on paper
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Resolve
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+LearnPropagate

Decide

Skip

CDCL_conc

Propagate
Decide
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state:

state:
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(M,N,U, k, C)
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state:

state:

(M,N)

(M,N,U, k, C)
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‣ inductive predicate 
(cf. Prolog) 

‣ multiset based

‣ recursive (cf. ML) 
‣ list based

CDCL_conc

SAT Solver

refines
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The SAT community  
right now

‣ possible to continue 
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‣ test for our framework 

‣ rapid prototyping
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Theorem (no relearning):  
No clause can be learned twice.

‹700 lines of proof›

on paper

in Isabelle
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.
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D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.

 Speak about the current state
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.

 Speak about the past transitions
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.

Find a Contradiction
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.



T : T ≥ cons-trail (Propagated L E)
(reduce-trail-to M1 (add-learned-cls E

(update-backtrack-lvl i (update-conflicting None S))))
and

decomp: (Decided K # M1 , M2-loc) œ
set (get-all-ann-decomposition (trail S)) and

LD: L œ# E and
k: get-level (trail S) L = backtrack-lvl S and
level: get-level (trail S) L = get-maximum-level (trail S) E and
confl-S : conflicting S = Some E and
i: i = get-maximum-level (trail S) (remove1-mset L E) and
lev-K : get-level (trail S) K = Suc i
using confl apply (induction rule: backtrack.induct)

apply (simp del: state-simp)
by blast

obtain M2 where
M : trail S = M2 @ Decided K # M1
using get-all-ann-decomposition-exists-prepend[OF decomp] unfolding i by (metis append-assoc)

let ?E Õ = remove1-mset L E
have invS : cdclW -all-struct-inv S

using invR rtranclp-cdclW -all-struct-inv-inv rtranclp-cdclW -stgy-rtranclp-cdclW -restart st Õ by blast
then have conf : cdclW -conflicting S unfolding cdclW -all-struct-inv-def by blast
then have trail S |=as CNot E unfolding cdclW -conflicting-def confl-S by auto
then have MD: trail S |=as CNot E by auto
then have MD Õ: trail S |=as CNot ?E Õ using true-annot-CNot-di� by blast
have lev Õ: cdclW -M-level-inv S using invS unfolding cdclW -all-struct-inv-def by blast

have lev: cdclW -M-level-inv R using invR unfolding cdclW -all-struct-inv-def by blast
then have vars-of-D: atms-of ?E Õ ™ atm-of ‘ lits-of-l M1

using backtrack-atms-of-D-in-M1 [OF lev Õ - decomp - - -, of E - i T ] confl-S conf T decomp k
level lev Õ lev-K unfolding i cdclW -conflicting-def by (auto simp: cdclW -M-level-inv-decomp)

have no-dup (trail S) using lev Õ by (auto simp: cdclW -M-level-inv-decomp)
have vars-in-M1 :

’ x œ atms-of ?E Õ. x /œ atm-of ‘ lits-of-l (M2 @ [Decided K ])
unfolding Set.Ball-def apply (intro impI allI )

apply (rule vars-of-D distinct-atms-of-incl-not-in-other [of
M2 @ Decided K # [] M1 ?E Õ])
using Èno-dup (trail S)Í M vars-of-D by simp-all

have M1-D: M1 |=as CNot ?E Õ

using vars-in-M1 true-annots-remove-if-notin-vars[of M2 @ Decided K # [] M1 CNot ?E Õ]
MD Õ M by simp

have backtrack-lvl S > 0 using lev Õ unfolding cdclW -M-level-inv-def M by auto

obtain M1 Õ K Õ Ls where
M Õ: trail S = Ls @ Decided K Õ # M1 Õ and
Ls: ’ l œ set Ls. ¬ is-decided l and
set M1 ™ set M1 Õ

proof ≠
let ?Ls = takeWhile (Not o is-decided) (trail S)
have MLs: trail S = ?Ls @ dropWhile (Not o is-decided) (trail S)

by auto
have dropWhile (Not o is-decided) (trail S) ”= [] unfolding M by auto
moreover

from hd-dropWhile[OF this] have is-decided(hd (dropWhile (Not o is-decided) (trail S)))
by simp

402

ultimately
obtain K Õ where

K Õk: dropWhile (Not o is-decided) (trail S)
= Decided K Õ # tl (dropWhile (Not o is-decided) (trail S))

by (cases dropWhile (Not ¶ is-decided) (trail S);
cases hd (dropWhile (Not ¶ is-decided) (trail S)))

simp-all
moreover have ’ l œ set ?Ls. ¬is-decided l using set-takeWhileD by force
moreover have set M1 ™ set (tl (dropWhile (Not o is-decided) (trail S)))

unfolding M by (induction M2 ) auto
ultimately show ?thesis using that[of takeWhile (Not ¶ is-decided) (trail S)

K Õ tl (dropWhile (Not o is-decided) (trail S))] MLs by simp
qed

have M1 Õ-D: M1 Õ |=as CNot ?E Õ using M1-D Èset M1 ™ set M1 ÕÍ by (auto intro: true-annots-mono)
have ≠L œ lits-of-l (trail S) using conf confl-S LD unfolding cdclW -conflicting-def

by (auto simp: in-CNot-implies-uminus)
have L-notin: atm-of L œ atm-of ‘ lits-of-l Ls ‚ atm-of L = atm-of K Õ

proof (rule ccontr)
assume ¬ ?thesis
then have atm-of L /œ atm-of ‘ lits-of-l (Decided K Õ # rev Ls) by simp
then have get-level (trail S) L = get-level M1 Õ L

unfolding M Õ by auto
moreover

have get-level M1 Õ L Æ count-decided M1 Õ

by auto
then have get-level M1 Õ L < backtrack-lvl S

using lev Õ unfolding cdclW -M-level-inv-def M Õ

by (auto simp del: count-decided-ge-get-level)
ultimately show False using k by linarith

qed
obtain Y Z where

RY : cdclW -stgyúú R Y and
YZ : cdclW -stgy Y Z and
nt: ¬ (÷ c. trail Y = c @ Decided K Õ # M1 Õ @ []) and
Z : (⁄a b. cdclW -stgy a b · (÷ c. trail a = c @ Decided K Õ # M1 Õ @ []))úú Z S
using rtranclp-cdclW -restart-new-decided-at-beginning-is-decide Õ[OF st Õ - - lev, of Ls K Õ

M1 Õ []] unfolding R M Õ by auto
have [simp]: cdclW -M-level-inv Y

using RY lev rtranclp-cdclW -stgy-consistent-inv by blast
obtain M Õ where trZ : trail Z = M Õ @ Decided K Õ # M1 Õ

using rtranclp-cdclW -stgy-with-trail-end-has-trail-end[OF Z ] M Õ by auto
have no-dup (trail Y )

using RY lev rtranclp-cdclW -stgy-consistent-inv unfolding cdclW -M-level-inv-def by blast
then obtain Y Õ where

dec: decide Y Y Õ and
Y ÕZ : full cdclW -cp Y Õ Z and
no-step cdclW -cp Y
using cdclW -stgy-trail-has-new-decided-is-decide-step[OF YZ nt Z ] M Õ by auto

have trY : trail Y = M1 Õ

proof ≠
obtain M Õ where M : trail Z = M Õ @ Decided K Õ # M1 Õ

using rtranclp-cdclW -stgy-with-trail-end-has-trail-end[OF Z ] M Õ by auto
obtain M ÕÕ where M ÕÕ: trail Z = M ÕÕ @ trail Y Õ and ’ mœset M ÕÕ. ¬is-decided m

using Y ÕZ rtranclp-cdclW -cp-dropWhile-trail Õ unfolding full-def by blast
obtain M ÕÕÕ where trail Y Õ = M ÕÕÕ @ Decided K Õ # M1 Õ
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lemma rtranclp-cdclW -stgy-with-trail-end-has-not-been-learned:
assumes

(⁄a b. cdclW -stgy a b · (÷ c. trail a = c @ Decided K# H @ []))úú S z and
cdclW -all-struct-inv S and
trail S = c @ Decided K # H and
D /œ# learned-clss S and
LD: L œ# D and
DH : atms-of (remove1-mset L D) ™ atm-of ‘ lits-of-l H and
LH : atm-of L /œ atm-of ‘ lits-of-l H and
÷ c Õ. trail z = c Õ @ Decided K # H

shows D /œ# learned-clss z
using assms(1≠4 ,8 )

proof (induction rule: rtranclp-induct)
case base
then show ?case by auto[1 ]

next
case (step T U ) note st = this(1 ) and s = this(2 ) and IH = this(3 )[OF this(4≠6 )]

and lev = this(4 ) and trS = this(5 ) and DL-S = this(6 ) and trU = this(7 )
obtain c where c: trail T = c @ Decided K # H using s by auto
obtain c Õ where c Õ: trail U = c Õ @ Decided K # H using trU by blast
have cdclW -restartúú S T

proof ≠
have ’ p pa. ÷ s sa. ’ sb sc sd se. (¬ púú (sb:: Õst) sc ‚ p s sa ‚ paúú sb sc)

· (¬ pa s sa ‚ ¬ púú sd se ‚ paúú sd se)
by (metis (no-types) mono-rtranclp)

then have cdclW -stgyúú S T
using st by blast

then show ?thesis
using rtranclp-cdclW -stgy-rtranclp-cdclW -restart by blast

qed
then have lev Õ: cdclW -all-struct-inv T

using rtranclp-cdclW -all-struct-inv-inv[of S T ] lev by auto
then have confl Õ: ’ Ta. conflicting T = Some Ta ≠æ trail T |=as CNot Ta

unfolding cdclW -all-struct-inv-def cdclW -conflicting-def by blast
show ?case

apply (rule cdclW -stgy-with-trail-end-has-not-been-learned[OF - - c - LD DH LH confl Õ c Õ])
using s lev Õ IH c unfolding cdclW -all-struct-inv-def by blast+

qed

theorem 2.9.7 page 83 of Weidenbach’s book
lemma cdclW -stgy-no-relearned-clause:

assumes
invR: cdclW -all-struct-inv R and
st Õ: cdclW -stgyúú R S and
bt: backtrack S T and
confl: conflicting S = Some E and
already-learned: E œ# clauses S and
R: trail R = []

shows False
proof ≠

have M-lev: cdclW -M-level-inv R
using invR unfolding cdclW -all-struct-inv-def by auto

have cdclW -M-level-inv S
using M-lev assms(2 ) rtranclp-cdclW -stgy-consistent-inv by blast

with bt obtain L K :: Õv literal and M1 M2-loc :: ( Õv, Õv clause) ann-lits
and i :: nat where
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using M ÕÕ unfolding M
by (metis (no-types, lifting) È’ mœset M ÕÕ. ¬ is-decided mÍ beginning-not-decided-invert)

then show ?thesis using dec nt by (induction M ÕÕÕ) (auto elim: decideE)
qed

have Y-CT : conflicting Y = None using Èdecide Y Y ÕÍ by (auto elim: decideE)
have cdclW -restartúú R Y by (simp add: RY rtranclp-cdclW -stgy-rtranclp-cdclW -restart)
then have init-clss Y = init-clss R using rtranclp-cdclW -restart-init-clss[of R Y ] M-lev by auto
{ assume DL: E œ# clauses Y

have atm-of L /œ atm-of ‘ lits-of-l M1
apply (rule backtrack-lit-skiped[of - S ])
using decomp i k lev Õ lev-K unfolding cdclW -M-level-inv-def by auto

then have LM1 : undefined-lit M1 L
by (metis Decided-Propagated-in-i�-in-lits-of-l atm-of-uminus image-eqI )

have L-trY : undefined-lit (trail Y ) L
using L-notin Èno-dup (trail S)Í unfolding defined-lit-map trY M Õ

by (auto simp add: image-i� lits-of-def )
have Ex (propagate Y )

using propagate-rule[of Y E L] DL M1 Õ-D L-trY Y-CT trY LD by auto
then have False using Èno-step cdclW -cp Y Í propagate Õ by blast

}
moreover {

assume DL: E /œ# clauses Y
have lY-lZ : learned-clss Y = learned-clss Z

using dec Y ÕZ rtranclp-cdclW -cp-learned-clause-inv[of Y Õ Z ] unfolding full-def
by (auto elim: decideE)

have invZ : cdclW -all-struct-inv Z
by (meson RY YZ invR r-into-rtranclp rtranclp-cdclW -all-struct-inv-inv

rtranclp-cdclW -stgy-rtranclp-cdclW -restart)
have n: E /œ# learned-clss Z

using DL lY-lZ YZ unfolding clauses-def by auto
have E /œ#learned-clss S

apply (rule rtranclp-cdclW -stgy-with-trail-end-has-not-been-learned[OF Z invZ trZ ])
apply (simp add: n)

using LD apply simp
apply (metis (no-types, lifting) Èset M1 ™ set M1 ÕÍ image-mono order-trans

vars-of-D lits-of-def )
using L-notin Èno-dup (trail S)Í unfolding M Õ by (auto simp add: image-i� lits-of-def )

then have False
using already-learned DL confl st Õ M-lev rtranclp-cdclW -stgy-no-more-init-clss[of R S ]
unfolding M Õ

by (simp add: Èinit-clss Y = init-clss RÍ clauses-def confl-S
rtranclp-cdclW -stgy-no-more-init-clss)

}
ultimately show False by blast

qed

lemma rtranclp-cdclW -stgy-distinct-mset-clauses:
assumes

invR: cdclW -all-struct-inv R and
st: cdclW -stgyúú R S and
dist: distinct-mset (clauses R) and
R: trail R = []

shows distinct-mset (clauses S)
using st

proof (induction)
case base
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ultimately
obtain K Õ where

K Õk: dropWhile (Not o is-decided) (trail S)
= Decided K Õ # tl (dropWhile (Not o is-decided) (trail S))

by (cases dropWhile (Not ¶ is-decided) (trail S);
cases hd (dropWhile (Not ¶ is-decided) (trail S)))

simp-all
moreover have ’ l œ set ?Ls. ¬is-decided l using set-takeWhileD by force
moreover have set M1 ™ set (tl (dropWhile (Not o is-decided) (trail S)))

unfolding M by (induction M2 ) auto
ultimately show ?thesis using that[of takeWhile (Not ¶ is-decided) (trail S)

K Õ tl (dropWhile (Not o is-decided) (trail S))] MLs by simp
qed

have M1 Õ-D: M1 Õ |=as CNot ?E Õ using M1-D Èset M1 ™ set M1 ÕÍ by (auto intro: true-annots-mono)
have ≠L œ lits-of-l (trail S) using conf confl-S LD unfolding cdclW -conflicting-def

by (auto simp: in-CNot-implies-uminus)
have L-notin: atm-of L œ atm-of ‘ lits-of-l Ls ‚ atm-of L = atm-of K Õ

proof (rule ccontr)
assume ¬ ?thesis
then have atm-of L /œ atm-of ‘ lits-of-l (Decided K Õ # rev Ls) by simp
then have get-level (trail S) L = get-level M1 Õ L

unfolding M Õ by auto
moreover

have get-level M1 Õ L Æ count-decided M1 Õ

by auto
then have get-level M1 Õ L < backtrack-lvl S

using lev Õ unfolding cdclW -M-level-inv-def M Õ

by (auto simp del: count-decided-ge-get-level)
ultimately show False using k by linarith

qed
obtain Y Z where

RY : cdclW -stgyúú R Y and
YZ : cdclW -stgy Y Z and
nt: ¬ (÷ c. trail Y = c @ Decided K Õ # M1 Õ @ []) and
Z : (⁄a b. cdclW -stgy a b · (÷ c. trail a = c @ Decided K Õ # M1 Õ @ []))úú Z S
using rtranclp-cdclW -restart-new-decided-at-beginning-is-decide Õ[OF st Õ - - lev, of Ls K Õ

M1 Õ []] unfolding R M Õ by auto
have [simp]: cdclW -M-level-inv Y

using RY lev rtranclp-cdclW -stgy-consistent-inv by blast
obtain M Õ where trZ : trail Z = M Õ @ Decided K Õ # M1 Õ

using rtranclp-cdclW -stgy-with-trail-end-has-trail-end[OF Z ] M Õ by auto
have no-dup (trail Y )

using RY lev rtranclp-cdclW -stgy-consistent-inv unfolding cdclW -M-level-inv-def by blast
then obtain Y Õ where

dec: decide Y Y Õ and
Y ÕZ : full cdclW -cp Y Õ Z and
no-step cdclW -cp Y
using cdclW -stgy-trail-has-new-decided-is-decide-step[OF YZ nt Z ] M Õ by auto

have trY : trail Y = M1 Õ

proof ≠
obtain M Õ where M : trail Z = M Õ @ Decided K Õ # M1 Õ

using rtranclp-cdclW -stgy-with-trail-end-has-trail-end[OF Z ] M Õ by auto
obtain M ÕÕ where M ÕÕ: trail Z = M ÕÕ @ trail Y Õ and ’ mœset M ÕÕ. ¬is-decided m

using Y ÕZ rtranclp-cdclW -cp-dropWhile-trail Õ unfolding full-def by blast
obtain M ÕÕÕ where trail Y Õ = M ÕÕÕ @ Decided K Õ # M1 Õ
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using M ÕÕ unfolding M
by (metis (no-types, lifting) È’ mœset M ÕÕ. ¬ is-decided mÍ beginning-not-decided-invert)

then show ?thesis using dec nt by (induction M ÕÕÕ) (auto elim: decideE)
qed

have Y-CT : conflicting Y = None using Èdecide Y Y ÕÍ by (auto elim: decideE)
have cdclW -restartúú R Y by (simp add: RY rtranclp-cdclW -stgy-rtranclp-cdclW -restart)
then have init-clss Y = init-clss R using rtranclp-cdclW -restart-init-clss[of R Y ] M-lev by auto
{ assume DL: E œ# clauses Y

have atm-of L /œ atm-of ‘ lits-of-l M1
apply (rule backtrack-lit-skiped[of - S ])
using decomp i k lev Õ lev-K unfolding cdclW -M-level-inv-def by auto

then have LM1 : undefined-lit M1 L
by (metis Decided-Propagated-in-i�-in-lits-of-l atm-of-uminus image-eqI )

have L-trY : undefined-lit (trail Y ) L
using L-notin Èno-dup (trail S)Í unfolding defined-lit-map trY M Õ

by (auto simp add: image-i� lits-of-def )
have Ex (propagate Y )

using propagate-rule[of Y E L] DL M1 Õ-D L-trY Y-CT trY LD by auto
then have False using Èno-step cdclW -cp Y Í propagate Õ by blast

}
moreover {

assume DL: E /œ# clauses Y
have lY-lZ : learned-clss Y = learned-clss Z

using dec Y ÕZ rtranclp-cdclW -cp-learned-clause-inv[of Y Õ Z ] unfolding full-def
by (auto elim: decideE)

have invZ : cdclW -all-struct-inv Z
by (meson RY YZ invR r-into-rtranclp rtranclp-cdclW -all-struct-inv-inv

rtranclp-cdclW -stgy-rtranclp-cdclW -restart)
have n: E /œ# learned-clss Z

using DL lY-lZ YZ unfolding clauses-def by auto
have E /œ#learned-clss S

apply (rule rtranclp-cdclW -stgy-with-trail-end-has-not-been-learned[OF Z invZ trZ ])
apply (simp add: n)

using LD apply simp
apply (metis (no-types, lifting) Èset M1 ™ set M1 ÕÍ image-mono order-trans

vars-of-D lits-of-def )
using L-notin Èno-dup (trail S)Í unfolding M Õ by (auto simp add: image-i� lits-of-def )

then have False
using already-learned DL confl st Õ M-lev rtranclp-cdclW -stgy-no-more-init-clss[of R S ]
unfolding M Õ

by (simp add: Èinit-clss Y = init-clss RÍ clauses-def confl-S
rtranclp-cdclW -stgy-no-more-init-clss)

}
ultimately show False by blast

qed

lemma rtranclp-cdclW -stgy-distinct-mset-clauses:
assumes

invR: cdclW -all-struct-inv R and
st: cdclW -stgyúú R S and
dist: distinct-mset (clauses R) and
R: trail R = []

shows distinct-mset (clauses S)
using st

proof (induction)
case base
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
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(M1K
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2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.
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1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant. 49
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.
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Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant. 49
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lem:prop:cdclredundancy

Lemma 2.9.7 (CDCL Redundancy). Consider a CDCL derivation by a rea-
sonable strategy. Then CDCL never learns a clause contained in N [ U .

Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

Proof.
Proof. By contradiction. Assume CDCL learns the same clause twice,
i.e., it reaches a state (M ;N ;U ; k;D _ L) where Backtracking is appli-
cable and D _ L 2 (N [ U). More precisely, the state has the form
(M1K

i+1M 0
2K

k
1K2 . . .Kn;N ;U ; k;D_L) where the Ki, i > 1 are propagated

literals that do not occur complemented in D, as for otherwise D cannot be of
level i. Furthermore, one of the Ki is the complement of L. But now, because
D _ L is false in M1K

i+1M 0
2K

k
1K2 . . .Kn and D _ L 2 (N [ U) instead of

deciding Kk
1 the literal L should be propagated by a reasonable strategy. A

contradiction. Note that none of the Ki can be annotated with D _ L.

A reasonable strategy is mandatory for the above result. Example 2.9.4
shows that prioritizing Decide over Propagate can result in learning a clause
contained in N [ U . The below example shows that even if CDCL starts
Conflict with a redundant clause, one that is already subsumed, the eventually
learned clause is not redundant.

exam:prop:cdclsubconflict

Example 2.9.8 (CDCL Subsumed Conflict). Consider the clause set N =
{¬P _Q,¬P _R,¬P _ ¬R _ ¬Q,¬P _ ¬R _Q, . . .} and a derivation

(✏;N ; ;; 0;>)

)Decide
CDCL (P 1;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R;N ; ;; 1;>)

)Propagate
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;>)

)Conflict
CDCL (P 1R¬P_R¬Q¬P_¬R_¬Q;N ; ;; 1;¬P _ ¬R _Q)

)Resolve
CDCL (P 1R¬P_R;N ; ;; 1;¬P _ ¬R)

)Resolve
CDCL (P 1;N ; ;; 1;¬P )

)Backtrack
CDCL (¬P¬P ;N ; {¬P}; 0;>)

Note that although the conflict clause ¬P _ ¬R _Q is subsumed by ¬P _Q,
the eventually learned clause ¬P is not redundant.
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This is the last state 
such that...

It exists even in our 
strategy
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Maric 
2008 Isabelle

Lescuyer 
2011 Coq

Shankar and 
Vaucher 
2011 PVS

Oe et al.  
2012 Guru

This work 
2016 Isabelle

Backjumping ✔ ✔ ✔ ✔ ✔

Learning ✘ ✔ ✔ ✔ ✔

Soundness ✔ ✔ ✔ ✔ ✔

Completeness ✔ ✘ ✔ ✘ ✔

Implementation ✔ ✔ ✘ ✔ ✔

Termination ✔ ✔ ✔ ✘ ✔

Restart + forget ✘ ✘ ✘ ✘ ✔

Incremental solving ✘ ✘ ✘ ✘ ✔

Related Work
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Concrete outcome
‣ verified SAT solver framework 
‣ basic logic libraries (multisets, clauses) 
‣ improve book draft

Conclusion

Methodology
‣ Isabelle: locales, Isar, Sledgehammer

Future work
‣ two watched literals, CDCL(   )T


