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Linear Arithmetic / Linear Programming

Input: Z?’:l a;; - T; < b; fori=1,....m
coefficients (€ Z) variables bound (€ Z )
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Linear Arithmetic / Linear Programming

Input: al'x < b fori=1,...,m

Goal: xeR" (LRA/LP) or xeZ" (LIA/ILP)

Complexity: P NP
Example:
2y < dx, 3y > 4x,

2y < —bx + 15, 2y > —3x + 4,

LIA: (z,y) = (1,2)

max planck institul
inl p || Rt Fast Cube Tests — Bromberger, Weidenbach 6/30/2016 2117



L)

[
-

=
~

Branch-and-Bound

2y < 5z, 3y > 4dx,

2y < —bx + 15, 2y > —3x + 4,
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Branch-and-Bound

Solution:

Illpll
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2y < 5z, 3y > 4dx,
2y < —dx + 15, 2y > —3x +14,
Fast Cube Tests — Bromberger, Weidenbach 6/30/2016

3/17



Branch-and-Bound

Solution:

((/ 2y < dz, 3y > 4z,

2y < —bx + 15, 2y > —3x + 4,
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Branch-and-Bound

2y < 5z, 3y > 4dx,

20 < —S5x + 15, 2y > —3x+4,
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Branch-and-Bound

Solution:

(z,9) = (3, 12)

2y < 5z, 3y > 4dx,

2y < —bx + 15, 2y > —3x + 4,
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Solution:
4
('ZU: y) — (57 2)
2y < 5z, 3y > 4dx,
‘ 20 < —S5x + 15, 2y > —3x+4,
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Branch-and-Bound

Solution:
(z,y) = (1,2)

2y < 5z, 3y > 4dx,

2y < —bx + 15, 2y > —3x + 4,
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Incomplete Tests

Simple Rounding
* round real solution to closest integer point
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Incomplete Tests

Simple Rounding

* round real solution to closest integer point

lz| fz—|z| <3
(x| = {[:ﬂ 2 (x| > i round((z1,...,z,)) = ([21],. .-, [Tn])
— 2
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Vertices

* bad for rounding
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Vertices
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Vertices

 bad for rounding
* typical output of Simplex
 SMT solvers rely on Simplex
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Interior/Center Points

e good for rounding
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Interior/Center Points

e good for rounding
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Interior/Center Points

Fast Cube Tests!
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Largest Cube Test

 largest cube inside the set of real solutions
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Largest Cube Test

2¢
| | \/ ¢
Y - - -
1 2 3 4 5

 largest cube inside the set of real solutions
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Largest Cube Test

 largest cube inside the set of real solutions
e optimization LP (LRA)
* (only cubes parallel to the axes)
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Largest Cube Test

subject to:

al'z < b; :>

fore=1,...,m

center point x\ - 7
\G e

X

1 - . . . .
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Largest Cube Test

maximize e

subject to: subject to:
al'z < b; : al'x —|—§ b;
fore=1,...,m fore=1,...,m

n
where Ha@Hl = Z |a7;j|
j=1

center point x\ - 7
\G e

. X

1 - . . . .
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Largest Cube Test

maximize e
subject to:

subject to:

Without Optimization?

center point m\ / ‘7
€
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Unit Cube Test

 fix the edge lengthto 1
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Unit Cube Test

 fix the edge lengthto 1
* unit cube => guaranteed integer solution
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Unit Cube Test

subject to:
al'z < b;

fore=1,...,m

—

maximize e
subject to:

a; v+ |lail|; § < b;

fore=1,...,m

n
where HCL@H1 = Z \aij|
j=1

4

center point m\
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Unit Cube Test

maximize 1
subject to: subject to:

aTx < b = | oFo <t

fore=1,...,m fore=1,...,m

n
where HCL@H1 = Z \aij|
j=1

center point m\ - 7
\G e

. X

1 - . . . .
l l I I I max planck institut \/
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Unit Cube Test

o
subject to: subject to:
Tz <, = | ety <
fore=1,...,m fore=1,...,m
n
where Ha@Hl = Z |a7;j|
j=1
center point x___ 7 / ‘7'
: \’G’x 1 e — 1

LY UL L —

Fast Cube Tests — Bromberger, Weidenbach 6/30/2016 10/17



Unit Cube Test

subject to:
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Unit Cube Test

subject to:
al'z < b;

fore=1,...,m

where ||a;||; :

4

center point x\
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—

subject to:

e <[bi — aill, - 1]

fore=1,...,m

~

J. e =1

n

> laijl

j=1
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Unbounded Problems

/1 2 3 4 5 ‘? 2 3 4 5

[ Requirement: unbounded direction ]
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Unbounded Problems

[ Requirement: unbounded direction ]
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Unbounded Problems

[ Infinite Width: all directions unbounded ]

Ve e R, minelz = —0co or maxelzr = oo
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Unbounded Problems

4 finite width

[ Infinite Width: all directions unbounded ]

Ve e R, minelz = —0co or maxelzr = oo
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Unbounded Problems

/ 1 [ ] l2 3 L ] 4 5 V; L] 2- 3 L] 4
finite width Infinite width

MakeAGlECDm

[ Infinite Width: all directions unbounded ]

Ve e R, minelz = —0co or maxelzr = oo
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Unbounded Problems

-
4

Infinite widt

easy to solve with cubes
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Unbounded Problems

Infinite width

[ bad for branch-and-bound based on simplex ]
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SMT-LIB Benchmarks

980 infinite width problems

* timeout after 10 min (per problem) i

« all solvers use branch-and-bound based
on simplex

#Solved #Unsolved | Total Time /wo Timeouts

cvc4
yices-2

z3
mathsat5
SPASS-1Q

SPASS-IQ & cubes

lllpllm

x planck institut
nformatik

851
856
928
948
980

129
124
52
32
0
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19791 sec
1672 sec
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Dillig Benchmarks

(with unit cube test: \__/_.
* test solves all problems
« speed-up: several orders of magnitude

N\ _/
cvcs 21113 sec
yices-2 851 129 19791 sec
z3 856 124 1672 sec
mathsat5 928 52 13304 sec
SPASS-IQ 948 1026 sec

SPASS-IQ & cubes) (980 @ 57 sec D

lllpllmfﬁﬂtk“
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Equalities

2y < dz, 3y > 4z,
2y < —bx + 15, 2y > —3x + 4,

Diophantine Equation Handler

A Practical Approach to

Satisfiability Modulo Linear Integer Arithmetic
by A. Griggio. JSAT 2012

v g

Py 1 |r{| Al |\.I| o O< >0
L % :L'; xr = U,

J —_

0 1 2
leLJ})I$yH2 3T <9, x> 4,
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Implied Equalities

&

explicit | Vo e R [az <t|-[dTz=c]  implicit
2y=2+2]) (2y>a+2)
[3y < —x +38, 3y > —x+8, | [3y < —z+ 38, y < 2z — 2,
N N
[2y =2 +2] [2y =2+ 2|
Yy = 2r — 2, Yy =2r — 2,
[3y = —x + 8] [3y = —x + 8]
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Equality Basis

&
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Equality Basis

Equality Basis:

Implied Equalites:

1.set of All
linear independent linear combinations
equalities | of the
2. maximal Equality Basis
[ Vo € R”.lA:): < bl%ldTI’ = c”
2y >z+2) — Simplification:
3y < —x + 8, y < 2x — 2, L :
Eliminatin
T > T
(2y=a2+2) Equalities
3y — — 18 y=2v-2, via Substitution
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Largest Cube Test

maximize e

subject to: subject to:
aTe <b — | aTet el 5 <5
fore=1,...,m fore=1,...,m
n
where HCL@H1 = Z |a7;j|
j=1
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Equality Test

subject to:

al'z < b;

fore=1,...,m

where ||a;||; :

£ - .
1s - .

e=-0-

e >0
subject to:

: a;;r:c —|—®§ b;

fore=1,...,m

n

=) ag|

g=1

Z 3 ' 5 llﬂﬂx plhu-un ulu:.u.uL Z
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Equality Test

subject to:

al'z < b;

fore=1,...,m

Interior & Surface

i 3 3 i
l l I I max planck institut
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fore=1,....m
Interior
Fast Cube Tests — Bromberger, Weidenbach 6/30/2016

15/17



Equality Test

subject to:

al'z < b;

fore=1,...,m

Interior & Surface

i 3 3 3
l l I I max planck institut
informatik

subject to:

fore=1,....m
Interior
Fast Cube Tests — Bromberger, Weidenbach 6/30/2016

15/17



Equality Test

subject to: subject to:
al'z < b; : al' zQb;
fore=1,...,m fore=1,...,m
sat unsat

—
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Equality Test

subject to: subject to:
al'z < b; : al' zQb;
fore=1,...,m fore=1,...,m

sat unsat

Conflict: C C{1,...,m}

alx <b; forieC
unsat

S

alz=10b, forieC

)
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Az <b m) Az <b mmp |

Computing an Equality Basis

\ {/

Substitution

Fquality > Basis

-

\_

Computing a Complete

Basis for Equalities

Implied by a System of LRA Constraints

Bromberger & Weidenbach, SMT Workshop 2016
Talk: Saturday, July 2", 11:00

~

/
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Conclusions

Tests based on cubes are:

* an intuitive concept
* easy to implement
 useful in practice

* easy to extend:
equalities

[Thank you for your attention! ]
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