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An overview of our approach
m Motivation
m Generalization of Motzkin's transposition theorem
m Concave quadratic polynomials

Generating interpolants for concave quadratic polynomial inequalities

m NSC condition: generalized Motzkin's theorem applies
m SOS (NSC not satisifed): equalities from expressions in a sum of squares being equal
to 0.

Combination with equality logic with uninterpreted functions (EUF)
m similar to the linear case

@A Concluding remarks
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Example (running example)

IS

Consider two formulas A and B with AA B |= L, where | |~
A= —x"+4x+x—-4>0A—x1—x+3—y* >0, //IB A
B:=-3x°—x2+1>0Ax—22>0 ’ } I "
We aim to generate an interpolant / for A and B, on the | ' )
common variables (x1 and x), such that A =/ and ~__
INBE L.

-2 -1 0 1 2

An intuitive description of a candidate interpolant is as the red curve (its boundary) in
the above right figure, which separates A and B in the panel of x; and x.
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m A polynomial time algorithm based on SDP for generating interpolants from
mutually contradictory conjunctions of concave quadratic polynomial inequalities
over the reals:

5/28



m A polynomial time algorithm based on SDP for generating interpolants from
mutually contradictory conjunctions of concave quadratic polynomial inequalities
over the reals:

m If no nonpositive constant combination of nonstrict inequalities is a sum of squares
polynomial, an interpolant a la McMillan can be generated essentially using the
linearization of quadratic polynomials.

5/28



m A polynomial time algorithm based on SDP for generating interpolants from
mutually contradictory conjunctions of concave quadratic polynomial inequalities
over the reals:

m If no nonpositive constant combination of nonstrict inequalities is a sum of squares
polynomial, an interpolant a la McMillan can be generated essentially using the
linearization of quadratic polynomials.

m Otherwise, linear equalities relating variables are deduced, resulting to interpolation
subproblems with fewer variables on which the algorithm is recursively applied.

5/28



m A polynomial time algorithm based on SDP for generating interpolants from
mutually contradictory conjunctions of concave quadratic polynomial inequalities
over the reals:

m If no nonpositive constant combination of nonstrict inequalities is a sum of squares
polynomial, an interpolant a la McMillan can be generated essentially using the
linearization of quadratic polynomials.

m Otherwise, linear equalities relating variables are deduced, resulting to interpolation
subproblems with fewer variables on which the algorithm is recursively applied.

m An algorithm based on hierarchical reasoning for generating interpolants for the
combination of quantifier-free theory of concave quadratic polynomial inequalities
and equality logic with uninterpreted functions (EUF).
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Preliminaries

Theorem (Motzkin's transposition theorem)

Let A and B be matrices and let & and 5 be column vectors. Then there exists a vector
x with Ax — & > 0 and Bx — 3 > 0, iff for all row vectorsy,z > 0:

(i) if yA+ 2B = 0 then ya + 28 < 0;
(ii) if yA+2zB =0 and z # 0 then ya + 2§ < 0.
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Preliminaries

Theorem (Motzkin's transposition theorem)

Let A and B be matrices and let & and 5 be column vectors. Then there exists a vector
x with Ax — & > 0 and Bx — 3 > 0, iff for all row vectorsy,z > 0:

(i) if yA+2zB = 0 then y& + zf < 0;
(ii) ifyA+ZB=0andz;é0theny62+zg<0'

Corollary

| \

Let Ac R™" and B € R°*" be matrices and & € R" and E € R® be column vectors,
where A;,i =1,...,r is the ith row of A and B;,j =1,...,s is the jth row of B. There
does not exist a vector x with Ax —a > 0 and Bx — E > 0, iff there exist real numbers
A,...,Ar >0 and no,m1,...,ns > 0 such that

Zx\ Ax—a,)—l—ZnJ — Bj)+ 1m0 =0 with an—l (1)

Jj=0

A\




Concave quadratic polynomials

Definition (Concave Quadratic)

A polynomial f € R[x] is called concave quadratic (CQ) if the following two conditions
hold:

m f has total degree at most 2, i.e., it has the form f = x” Ax + 23" x + a, where A is
a real symmetric matrix, @ is a column vector and a € R;

m the matrix A is negative semi-definite (A < 0), i.e., for any x € R", x" Ax < 0.

| \

Example

Take f = —3x2 — x2> + 1 in the running example, which is from the ellipsoid domain and

can be expressed as
! 3 0
=) )
X2 0 -1 X2

-3 0
The corresponding A = ( . ) =< 0. Thus, fis CQ.




Concave quadratic polynomials

m If f € R[x] is linear, then f is CQ because its total degree is 1 and the corresponding
Ais 0 which is of course negative semi-definite.
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Concave quadratic polynomials

m If f € R[x] is linear, then f is CQ because its total degree is 1 and the corresponding
Ais 0 which is of course negative semi-definite.

m A quadratic polynomial f(x) = x" Ax +2&@"x + a can also be represented as an inner

. . 1 x7 a al
product of matrices, i.e., { P, - , where P = ,
X XX a A

((a5), (bi)) = 3271 20705 @i * by
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Linearization of CQ polynomials

Definition (Linearization)

Given a quadratic polynomial f(x) = < ( >> its linearization is defined as
=0

1 x" X
f(x):<P,<x )_<,>>,where . ).(,)
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Linearization of CQ polynomials

Definition (Linearization)

Given a quadratic polynomial f(x) = < ( >> its linearization is defined as
1 x7
f(x) = ( P, x_, , where X_, =0
x X x X
let
K = {xeR"[A(x)>0,....f(x) > 0,81(x) >0,...,8(x) > 0}, )

>

Ki

1 x7 1 x'
OL S E SR - Sl )
x X x X
1 xT7 N
1 Qs _ > 0, for some X}, (3)
x X
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Linearization of CQ polynomials

Let f,...,f, and g1, ..., gs be CQ polynomials, K and Ki as above, then K = K.

Therefore, when fis and gjs are CQ, the CQ polynomial inequalities can be transformed
equivalently to a set of linear inequality constraints and a positive semi-definite constraint.
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Problem formulation

Problem 1
Given two formulas ¢ and v on n variables with ¢ A ¢ |= L, where

¢ = HA>20AN...Af,>20ANg>0A...Ags >0,
’d} = f,1+120/\.../\f,20/\gsl+1>0/\.../\g5>0,

in which fi,...,f,g1,...,8s are all CQ, fi,...,fy,81,...,8 € R[x,y],
frit1y -5 fry @415 - - -, 8 € R[x, 2], develop an algorithm to generate a (reverse) Craig
interpolant / for ¢ and %, on the common variables of ¢ and 1), such that ¢ =/ and

Iny = L.

x=(xt,...,%d), Y= (1,...,yu) and z=(z1,...,2z,), where d + u+ v = n.
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NSC Condition

Definition (NSC)

Formulas ¢ and 1) in Problem 1, satisfy the non-existence of an SOS polynomial
condition (NSC) iff there do not exist 61 > 0,...,6, >0, s.t. —(01A+ ...+ f)isa
non-zero SOS.

| 5\

Example

Formulas A and B in the running example do not satisfy NSC, since there exist
01 = 17(52 = 1,(53 =1, s.t.

— (61(—x1® + 4x1 + x2 — 4) + 52(—=3x1° — x> + 1) + 83 (x0 — 2°))
=2x -1+ (e —-11°+72°

is a non-zero SOS.
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When NSC is satisfied

Theorem (Generalization of Motzkin’s Transposition Theorem)

Let ¢ and 1) as defined in Problem 1 with ¢ A ¢ |= L, which satisfy NSC. Then there
exist \i >0 (i=1,---,r), n>0(j=0,1,---,s) and two quadratic SOS polynomial
h1 € R[x,y] and h> € R[x, 2] s.t.

D Nifi+ D migi+ o+ + o =0, “)
=il j=1
mo+m+. 40 =1 ®)

Let I =371, Aifi + 3L, migj +mo + b € R[x]. Then, if 3571 m; >0, then | >0 is an
interpolant; otherwise | > 0 is an interpolant.
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Computing interpolant using semi-definite programming

1 xT oy 2T
T T T
XX X Xz
Let W = Y L = (P W), g = (Q, W), where P; and Q; are
y 'y yz

zx" zy" 22"

(n—|— 1) x (n+ 1) matrices, hy = (M, W), h = (M, W), and M = (Mj)axa,
= (Mj)ax4 with appropriate dimensions, e.g., M1 € R**¢ and M, € RY*".

Then, with NSC, computing the interpolant is reduced to the following SDP feasibility
problem:
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Computing interpolant using semi-definite programming

Find: A\1,..., A, 71,...,0s € R, M, M € ROTDX(+1) gypiect to
S AP+ 3 QB + M+ M=o, di—omi =1,
Mg = (M1a)7 =0, Mgz = (M2g)" =0, Ma3 = (M34)" = 0, Mgy = 0,
Msy = (Mh3)T =0, M3, = (Whos)™ = 0, Ms3 = 0, Mss = (Ma3)™ =0,
M=0,M>=0,X>0mn>0,fori=1,...,r,j=0,...,s,

where E(; 1) is a (n4 1) x (n+ 1) matrix, whose all other entries are 0 except for (1,1)
entry being 1.
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Generating interpolants when NSC holds

Algorithm 1: Interpolation Generation for NSC Case (IG-NSC)

input : ¢ and v satisfying NSC, and ¢ Ay = L, where
p=HL2>20AN...ANf; >20ANg1>0A...Ngs >0,
YV=0fH1>0N... N >0Agu41 >0A...Ag >0, f,...,f,81,...,8 are all
CQ polynomials, fi,...,f, &1,...,84 € R[x,y],
f’1+17"'7f;’ag51+17~"7g5E]R[X7Z]

output: A formula / to be an interpolant for ¢ and ¥

1 Find Ay,..., A >0,,7m0,m1,...,75s > 0, € R[x,y], ho € R[x,2] by SDP s.t.

r s
STNfi+> migitmot+m+h=0 mtm+...+ns=1,
i=1 j=1

where h1, hy are SOS polynomials;
2 fi=300 Nifi 30 mig +mo + hy;
3if >°7,m >0 then [:=(f >0); else | := (f > 0);
4 return /
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When NSC is not satisfied

If ¢ and 1 do not satisfy NSC, i.e., an SOS polynomial h(x,y,z) = —(>_/_; difi) can be
computed which can be split into two SOS polynomials hi(x,y) and h2(x,z). Then an
SOS polynomial f(x) such that ¢ = f(x) > 0 and ¢ = —f(x) > 0 can be constructed as

n r
f(x) = (Z‘Sifi) +h=—( Z difi) — h2,8; > 0.
i=1

i=r+1

If Problem 1 does not satisfy NSC, there exists f € R[x], s.t. ¢ < ¢1V ¢ and
P < 1 V Yo, where,

pr=(F>0A¢),¢2=(Ff =0A@)hr = (—F >0NY),¢ha=(F=0A¢).  (6)
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When NSC is not satisfied

With ¢, ¥, ¢1, $2,1,%2 as in previous Lemma, from an interpolant b for ¢» and 1»,
I :==(f >0)V (f >0A hy) is an interpolant for ¢ and .
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When NSC is not satisfied

With ¢, ¥, ¢1, $2,1,%2 as in previous Lemma, from an interpolant b for ¢» and 1»,
I :==(f >0)V (f >0A hy) is an interpolant for ¢ and .

If h and hence hi, ho have a positive constant ap+1 > 0, then f cannot be 0, implying
that ¢2, 1, are L.

With ¢, 1, ¢1,¢2,11,2 as in previous Lemma and h has any1 >0, f > 0 is an
interpolant for ¢ and .

In case h does not have a constant, i.e., a,+1 = 0, equalities can be reduced from
hi(x,y) = 0, which can be used to eliminate at least one variable in ¢,; similarly, at least
one variable in 1, can be eliminated from hy(x,z) = 0.
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Generating interpolants for CQI

Algorithm 2: Interpolation Generation for CQ Formulas (IG-CQI)

input : ¢ and ¢ with ¢ A9 = L, where
p=H>0AN...Nf; >20ANg1 >0A...Ags >0,
Y=Fft12>20N... N >0Agu41 >0A...Ag >0, f,...,f,g,...,8 are all
CQ polynomials, fi,...,f,,&1,...,8s € R[x,y], and
fritiy oo Fry 841y -+, 85 € R[x, 2]

output: A formula / to be an interpolant for ¢ and ¢

if Var(¢) C Var(vy) then | := ¢; return [;

2 Find 01,...,6, > 0,h € R[x,y,z] by SDP s.t. 3°/_, §ifi + h=0 and h is SOS;

-

/* Check the condition NSC */
3 if no solution then | := IG-NSC(¢,); return [;
/* NSC holds */

4 Construct h; € R[x,y] and h> € R[x, z] with the forms (H1) and (H2);
s fi=3 0 0ifi+hi=—301 . 0ifi — hy;

6 Construct ¢’ and 7’ by eliminating variables due to h; = hy = 0;

7 I :=1G-CQI(¢, ') ;

8 [:=(F>0)V(Ff>0Al);

9 return /
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Generating interpolants for CQI

Recall the running example where

h=(2x— 1)+ (o — 1)* + 2°

= 2((@x ~ 1P+ Ge — 1) + 5((2x — 1P+ o — 1) + 22

h ha
= (51(—X12 +a4xi+x0—4)+

1
=342 +x’+ §X22

We construct A’ from A by setting x; = %,XQ = 1 derived from h; = 0; similarly B’ is
constructed by setting x1 = %,xz =1,z=0in B as derived from h, = 0. It follows that,
A" := B’ := 1 Thus, I(A’,B") := (0 > 0) is an interpolant for (A", B").

An interpolant for A and B is thus (f(x) > 0) V (f(x) =0 A (A, B)), i.e.

1
—3+2x1 + X12 + §X22 >0,

whose boundary corresponds to the red curve mentioned previously.
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Combination with EUF

Q=0 UQUQs: a finite set of uninterpreted function symbols in EUF;
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Combination with EUF

Q=0 UQUQs: a finite set of uninterpreted function symbols in EUF;
B Q= Q1 UQ, Q13 = Q1 UQs;

m R[x,y,2z]" the extension of R[x,y, 2] in which polynomials can have terms built
using function symbols in Q and variables in x,y, z.

Problem 2
Suppose two formulas ¢ and ¢ with ¢ A9 |= L, where

¢=H>0N...ANf, >20ANg>0A...Agsy >0,
YV="Ff1>20A. .. AN >0ANgq+1>0A...ANgs >0,

where fi,...,f, gi,...,8s are all CQ polynomials, fi,...,f,,&1,...,8 € R[x,y]"2,
fritly - fry @541, - - -5 8 € R[x, 2]913, the goal is to generate an interpolant / for ¢ and
1, expressed using the common symbols x, 1, i.e., I includes only polynomials in ]R[x]Ql.

v
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Sketch of the idea (Algorithm IG-CQI-EUF)

Flatten and purify the formulas ¢ and ¢ as ¢ and 1 by introducing fresh variables
for each term starting with uninterpreted symbols as well as for the terms containing
uninterpreted symbols. Keep track of new variables introduced exclusively for ¢ and
9 as well as new common variables.
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where D consists of unit clauses of the form w(ci,...,c) = ¢, with ¢1,..., ¢, be
variables and w € Q.

Partition N into Ny, Ny, and Nimix with all symbols in Ny, Ny, appearing in ¢, ¥,
respectively, and Nnix consisting of symbols from both ¢, 1.
dAYE LiffFGAPADE Liff (A Ny)A (WA Ny) A Nuix = L. (7

A If Nnix is empty, then IG-CQI can be applied.

H Otherwise, if NSC holds, separating terms can be computed as in [Rybalchenko &
Sofronie-Stokkermans 10] by solving linear inequality system, and thus Nmix can be
replaced by N;’ép and Ns”ﬁp.
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respectively, and Nnix consisting of symbols from both ¢, 1.
dAYE LiffFGAPADE Liff (A Ny)A (WA Ny) A Nuix = L. (7

A If Nnix is empty, then IG-CQI can be applied.

H Otherwise, if NSC holds, separating terms can be computed as in [Rybalchenko &
Sofronie-Stokkermans 10] by solving linear inequality system, and thus Nmix can be
replaced by N;’ép and Ns”ﬁp.

@ Otherwise, a subproblem with fewer variables can be reduced similarly, and the
algorithm is recursively called.
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An illustrating example

¢:=(h=—(n—x+1)° —x+x>0)A(pr=ak)+1)
NMer=—x —x —y; +1>0),
Yvi=(h=—(z1—x+1 2 4+x—x>0)A(2=a(z)-1)

ANMo=—-x—x—2+1>0).
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NMer=—x —x —y; +1>0),
Yvi=(h=—(z1—x+1 2 4+x—x>0)A(2=a(z)-1)

ANMo=—-x—x—2+1>0).

Flattening and purification gives
¢ =(A>0Ay=y+1Ag>0), Y:=(L>0Az=z—-1Ag >0).
where D ={y = a(n),z=a(z1)}, N=(nn =21 >y =2).

B NSC is not satisfied, since h= —fi — fo = (y1 — x1 + 1)> 4+ (z1 — x2 + 1)? is an SOS.
hi= (1 —x+1)?, h=(z—x +1)° This gives

fi=f+h=—h—h=—x+x.
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An illustrating example

An interpolant for ¢, is an interpolant of ((¢ A f > 0)V (¢ A f =0)) and
(( A —f > 0)V (¢ A f =0)) which simplifies to: (f > 0)V (f > 0 A |) where b is
an interpolant for A f = 0 and ¢ A f = 0. After replacing y1 with x; — 1 in
dAf=0and zg with xo —1in ) A f =0, we get

¢ =—x1+x>20Ay=y+1Ag >0Ay=x—1,

Pi=x1—x>20N2=2z—1Ng2>0ANz1 =x — 1.
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An illustrating example

An interpolant for ¢, is an interpolant of ((¢ A f > 0)V (¢ A f =0)) and
(( A —f > 0)V (¢ A f =0)) which simplifies to: (f > 0)V (f > 0 A |) where b is
an interpolant for A f = 0 and ¢ A f = 0. After replacing y1 with x; — 1 in
dAf=0and zg with xo —1in ) A f =0, we get

P =—xi+x%>0Ap=y+1Ag >0 Ay =x —1,
JZ:X1—X2ZOAZQZZ—lAg2>O/\21:X2—1.

B Recursively call IG-CQI-EUF until NSC is satisfied. y1 = z is deduced from linear
inequalities in ¢’ and v/, and separating terms for y1, z1 are constructed:

$|:x1—1§y1§xz—1, W':xz—lgzlgxl—l.
Let t = a(x2 — 1), then separate y1 = z; — y = z into two parts:
=t sy=t th=z->t=z
Adding them to ¢’ and 1)’ respectively, we have

L= —x1+x>0Ayp=y+1lAg>0Ay=x1—1Ayi=x—1—=y=t,
Pi=x1—x >0 An=2—1A@>0Az=x—1Ax—1=z —t=z
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An illustrating example

A Then
El =—x1+x>0Ayp=y+1Ag >0Ay1=x1—1
ANe—=1>nVy>x—1Vy=t),
Wl =1 —x >0 AN2=z—-1Ng@ >0 Az1=x—1At=2z
Thus,
&1 ::$2 V$3VE4,Where
Poi=—xi+x>0Ap=y+1lAg>0Ayi=x1—1Ax2—1>yi,
Pyi=—xi+x>0Ap=y+1Ag>0Ay1=x — 1Ay >x —1,
34::—x1+xz20/\y2=y+1/\g1>O/\y1:x1—1/\y:t.

Since ¢/, = false, then ¢/; = ¢/, V ¢/,. Then find interpolant /(¢',,7";) and
(¢4, ¢"1)-
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ANe—=1>nVy>x—1Vy=t),
Wl =1 —x >0 AN2=z—-1Ng@ >0 Az1=x—1At=2z
Thus,
&1 ::$2 V$3VE4,Where
Poi=—xi+x>0Ap=y+1lAg>0Ayi=x1—1Ax2—1>yi,
Pyi=—xi+x>0Ap=y+1Ag>0Ay1=x — 1Ay >x —1,
34::—x1+xz20/\y2=y+1/\g1>O/\y1:x1—1/\y:t.

Since ¢/, = false, then ¢/; = ¢/, V ¢/,. Then find interpolant /(¢',,7";) and
(¢ 4,7"1).-
B Finally we conclude that /(¢/,,%',) V I(¢',,%",) is an interpolant.
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Implementation

m We have developed a prototype for putting together existing tools in Mathematica.
An optimization library AiSat built on CSDP is used for solving SOS and SDP
problems.

m We are currently developing a state of the art implementation of the above
algorithms using C.
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Evaluation results

Time (sec)

Example Type

CLP- Focr CSIsAT Our

PROVER Approach

Example 1 NLA - - - 0.003
Example 2 NLA+EUF - - - 0.036
Example 5 NLA - - - 0.014
Example 6 NLA - - - 0.003
Example 7 LA 0.023 X 0.003 0.003
Example 8 LA+EUF 0.025 0.006 0.007 0.003
Example 9 Ellipsoid - - - 0.002
Example 10 Ellipsoid - - - 0.002
Example 11~ Octagon 0.059 X 0.004 0.004
Example 12 Octagon 0.065 X 0.004 0.004

— means interpolant generation fails, and x specifies particularly wrong answers
(satisfiable).
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Concluding remarks

m Contributions
A complete (relative to numeric computation), polynomial time algorithm for
generating interpolants from mutually contradictory conjunctions of concave quadratic
polynomial inequalities over the reals:
An algorithm for generating interpolants for the combination of quantifier-free theory
of concave quadratic polynomial inequalities and EUF.
m Future work
m More efficient implementation.
m To extend the proposed framework beyond concave quadratic polynomials.
m To investigate how results reported for nonlinear polynomial inequalities based on
positive nullstellensatz and the Archimedian condition on variables can be exploited in
the proposed framework for dealing with polynomial inequalities.
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