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What is GeoGebra?

Hohenwarter, M. (2002). “Ein Softwaresystem fiir dynamische
Geometrie und Algebra der Ebene”. Master's thesis. Salzburg
University.

GeoGebra is dynamic mathematics software for all levels of
education that brings together geometry, algebra,
spreadsheets, graphing, statistics and calculus in one
easy-to-use package.

In 2013, Bernard Parisse’'s Giac was integrated into
GeoGebra's CAS view.

GeoGebra is a rapidly expanding community of about forty
millions users, located in just about every country. Available
in many languages. GeoGebra Materials: 1 million resources
(April 2016)

Desktop, web, tablet, smartphone versions.

Open source software freely available for non-commercial users
https://en.wikipedia.org/wiki/GeoGebra
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GeoGebra
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GeoGebra ART

GeoGebra ART: Automated Reasoning Tools
@ Automated derivation
@ Automated proving
@ Automated discovery
@ Locus: mover-tracer, boolean, envelopes, etc.

T. Recio, University of Cantabria; Z. Kovacs, The Private
University College of Education of the Diocese of Linz; F.B.
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mated derivation

aka property checker
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Automated derivation

aka property checker
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Automated derivation

aka property checker

Check Property toolbox

L N0 PR ) < RS REDLE

Collinear
Parallel

Perpendicular

Equidistant
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:A(




Automated derivation

aka property checker

File Edit View Options Tools Window Help Sign in... ‘
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Automated derivation

aka property checker

File Edit View Options Tools Window Help Sign in...
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Automated derivation

aka property checker

File Edit View Options Tools Window Help Sign in.
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The limited expression power of Relation

la geogebra.org, 10% | € 9

GeQGe b rO =F Materials Dowr

Relation Command

Relation[ <List> ]
Shows a message box that gives you information about the relation between two or more (up to 4) objects.
Relation[ <Object>, <Object> 1

Shows a message box that gives you information about the relation between two objects

This command allows you to find out whether

= two lines are perpendicular

= two lines are parallel

= two (or more) objects are equal

= a point lies on a line or conic

= a line is tangent or a passing line to a conic
= three points are collinear

= three lines are concurrent (or parallel)

= four points are concyclic (or collinear).
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Automated proving:

Pythagorean theorem through Relation?
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Automated proving: Pythagorean theorem

File Ecit View Options Tools Window Help signin...
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mated proving: Pythagorean theorem
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mated proving: Pythagorean theorem

File Ecit View Options Tools Window Help signin...

. [ =
E AL ele]al]=] ) il
» Algebra » Graphics
Line
® a: 0.78x + 2.31y :
® b: -2,31x + 0.78y
Point
® A=(1l16, 1.44)
® B =(3.47, 0.66)
® C =(1.96, 3.81)
3
\
-3 2 -1
-1
2
Pl 1 [
Input:| +

Botana Theorem proving components in GeoGebra




mated proving: Pythagorean theorem

File Ecit View Options Tools Window Help signin...

DREEEEEENER =
» Algebra » Graphics
Boolean Value
c = true

Line

® a: 0.78x + 2.31y

® b: -2,31x + 0.78y
Point

® A =(116, 1.44)
® B =(3.47, 0.66)

® C =(1.96, 3.81) 3
Segment a
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Input: Prove[Segment[A, B] “2+Segment[A, C]1~2==Segment[B, C]"~2] al &
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mated proving: Behind the curtain

Construction Protocol - Pythagoras.ggb

B~ - B ¢
No. Name Definition
1 Point A
2Point B
3Line a Line through A, B
4Lline b Line through A perpendicular to a

6 Boolean Value ¢ Prove[Segment[A, B]? + Segment[A, C]* = Segment(B, C]?]
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Automated proving: Behind the curtain

1_10 [style=dashed]; v92_4 -> null_10 [style=dashed]; a_1 -> b_2; v90_1 -> null_
10 [style=dashed]; B_® -> v90_1; A_® -> a_1; A_® -> b_2; b_2 -> C_3; B_® -> a_1;
A O ->v90_ 1; C 3 -> v91 4; A O -> v91 4; C_ 3 -> v92_4; }
: Using AUTO
: Using RECIOS_PROVER
: Using BOTANAS_PROVER
: A= (1.16, 1.44) /* free point */
/] Free point A(v55,v56)
: B = (3.47, 0.66) /* free point */
: [/ Free point B(v57,v58)
: a = Line[A, B] /* Line through A, B */
: b = OrthogonalLine[A, a] /* Line through A perpendicular to a */
: Hypotheses:
1. -1*v60+v57+v56+-1*v55

: 2. -1*V59+4-1*V58+V56+Vv55

: C = Point[b] /* Point on b */

: // Constrained point C(v61,v62)
Hypotheses:

3. 1*v61*v60+-1*v62*v59+-1*v61*v56+1*v59*V56+1*v62*v55+-1*v60*v55

: v90 = Segment[A, B] /* Segment [A, B] */

: v91 = Segment[A, C] /* Segment [A, C] */

: v92 = Segment[B, C] /* Segment [B, C] */

: Processing numerical object

: Hypotheses have been processed.

: glac evalRaw input: evalfa(expand(((ggbtmpvarvee)~(2))+((ggbtmpvarvei)~(2

: glac evalRaw output: ggbtmpvarv90~2+ggbtmpvarvoirz
input = expand(((ggbtmpvarvoe)~(2))+((ggbtmpvarvei)~(2)))
result = ggbtmpvarv9e~2+ggbtmpvarvoinrz
: eliminate([((ggbtmpvarv9e)~(2))+((ggbtmpvarv91)~(2))-((ggbtmpvarvo2)»(2))
=0,ggbtmpvarv91r2=v9312,ggbtmpvarve0~2=v94»2,ggbtmpvarv92r2=v95-2],[ggbtmpvarvol
,9gbtmpvarvae,ggbtmpvarv92])
DEBUG: gilac evalRaw input: evalfa(eliminate([((ggbtmpvarv9e)~(2))+((ggbtmpvarvol
)~(2))-((ggbtmpvarve2)~(2))=0,ggbtmpvarv9122=v93~2,ggbtmpvarvoe~2=v94+2,ggbtmpva
rv92~2=v95~2],[ggbtmpvarv91,ggbtmpvarvee,ggbtmpvarvez]))
Running a probabilistic check for the reconstructed Groebner basis. If successfu
11, error probability is less than 1e-87 and is estimated to be less than 10~-18
. Use proba_epsilon:=0 to certify (this takes more time).
// Groebner basis computation time 0.000311 Memorv -le-@6M
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Automated proving: Behind the curtain

11, error probability is less than 1e-87 and is estimated to be less than 10~-18
Use proba_epsilon:=0 to certify (this takes more time).

// Groebner basis computation time 0.00039 Memory -le-06M

DEBUG: gilac evalRaw output: {v94/2+v9372-v9572}

DEBUG: input = eliminate([((ggbtmpvarvee)~(2))+((ggbtmpvarvo1)~(2))-((ggbtmpvarv
92)~(2))=0,ggbtmpvarvo1=v93,ggbtmpvarvoe=v94,ggbtmpvarv92=v95],[ggbtmpvarvo1,ggb
‘tmpvarv9e,ggbtmpvarv92])

result = {v9442+v93r2-v95n2}

: glac evalRaw input: evalfa(simplify({v93/2+v94+2-v9542}/{v9472+v93~2-v95A

: gilac evalRaw output: {1}
input = simplify({v9342+v94.2-v95+2}/{vo4r2+v93A2-v95/21})

result = {1}

: glac evalRaw input: evalfa(factor(1))

: giac evalRaw output: 1

: input = factor(1)

result = 1

Thesis equations (non-denied ones):

4. 1*v93A2+-1*Vv62M2+-1*v61A2+2*v62*v56+-1*v56"2+2*v61*v55+-1*v55/2

5. 1*v94n2+-1*v58M2+-1*v5772+42*v58*v56+-1*v56"2+2*v57*v55+-1*v5572

i 6. 1*VO5AZ2+-1*VvE272+-1*vO17r2+42%v62*v58+-1%v58°2+2*v61*v57+-1*v5772

: Thesis reductio ad absurdum (denied statement), product of factors:
(-1*v95/2+1*v94/2+1*v9342)*v9T7-1

: that is,

DT, -1+4-1*v9T*VI5/241*vIT*vI4N2+1%*vITHVI3A2

: substitutions: {v55=0, v56=0}

ring r=(®,v55,v58,v57,v56,v61),(v97,v59,v93,v95,v94,v62,v60),dp;ideal i=-
1+-1*vOT7*VI572+1*VIT*V94n2+1*vaT*VI312 , 1*vE1*vE0+-1*v62*V59+-1*Vv61*V56+1*V59*V56
+1*v62*v55+-1*v60*Vv55, -1*v59+-1*v58+v56+Vv55, -1*v60+v57+v56+-1*v55,1*v95/2+-1*v62
A2+-1*v61M2+2%v62*v58+-1*v5872+2*v61*v57+-1*v5772,1*v9472+ - 1*v5872+- 1*v57/2+2*v5
B*V56+-1*%v56°2+2*v57*v55+-1*%v5572,1*%v03/2+-1%v6272+-1*v61"2+2%v62*v56+-1*v5672+2
*v61*v55+-1*v55~2 ;i=subst(i,v55,0,v56,0);groebner(i)!=1; -> singular

: Waiting for the prover: 1

: Waiting for the prover: 2

: singular -> 0

: Statement is GENERALLY TRUE

: Benchmarking: 102 ms

STATEMENT IS TRUE

: OUTPUT for Prove: null = true
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Automated proving: Provers and tests

GeoGebra

&

Exact checks
in a bounded
number of
test cases

Singular
webservice

http://dev.geogebra.org/trac/browser/trunk/geogebra/
test/scripts/benchmark/prover/tests
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mated proving: Wallace-Simson theorem

File Ecit View Options Tools Window Help signin...
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mated proving: Wallace-Simson theorem

Prove[AreCollinear[E, F, G]
File Edit View Options Tools Window Help Signiin...

El Al -olo]al)=] ) -
» Algebra » Graphics
Boolean Value = 5
e = true
Conic
® d(x-29)7+( s
Line
fi -2x - 3y =-11 .
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®A=(L1) 2
®B=(34
®C=(52) N
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Automated proving: Wallace-Simson details

ProveDetails[AreCollinear[E, F, GJ]

File Edit View Options Tools Window Help

Sign in

DEEEEEERNEE =
» Algebra ] [» Graphics

Boolean Value
e = true
Conic
® di (x-2.9)2+(y-19)?2 =442
Line
fi -2x - 3y = -11.02
g dx +y =728

h -x-y=-7

it 2% - 2y = -3.75
® m; 3.3x - L.03y = 3.91
List

listl = {true, {"AreEquallA,B]",
Point
®A=(L1)
®B=(34
(5, 2)
(1.93, 2.39)
(2.56, 4.44)
1.54, 1.13)
. = (1.08, 2.95)
it

..g.....
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n

3
@
2
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AN
)
[S17]

"AreEquall4

i

[

@

listl = { true,

{“AreEqual[A B]”,“AreEqual[A,C]”, “AreEqual[B,C]” } }
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mated discovering: Wallace-Simson (again)

Find points P s.t. E, F, G are collinear
File Edit View Options Tools Window Help Signiin...

e .
B NclEPA | ==
» A\gebra o » Graphics
Line 5
£ -2x - 3y = -14.7
g 4x +y = 16,98
h-x-y=-7 El
i 2x-2y =2.24
Point 4 B
® A=(11)
®B=(34
® C=(52) 3
® E =(2.5, 3.25)
® F =(4.08, 2.94) 4
® G=(38217) :
® P =(3.62, 2.5)
Segment 1
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® c=361 0
®j=135 4 2 2 1 o 1 2 3 1 5 5 7
® k =0.82
® =062 N
Triangle
® polyl =5 2
Pl 1l [l
Input:| 3
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mated discovering: Wallace-Simson by hand

Find points P s.t. E, F, G are collinear
File Edit View Options Tools Window Help Signiin...

. o | am
‘ /._|/._ B! ®_| @_.| L[N 22 4"
» Algebra » Graphics
Line 5
£ -2x - 3y = -13.1
g d4x +y =912
h-x-y=-7 El
it 2x - 2y = -4.04
® m: 3.27x - 0.52y : 4
Point
®A=(11)
® B=(3 4) 3
® C=(52)
® E =(2.26, 2.88) 4
® F =(2.49, 4.51) B
® G =(1.97, 1.24)
® P =(1.42, 3.44) 1
Segment
® a=2.83
®b=412 0
®c=361 4 2 2 1 0 5 7
ej=1
® k=227 N
® | =151
Triangle 2
® polyl =5
4 I [»] m
Input:| +
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Automated discovering: Brute force




Automated discovering: Wallace-Simson

Since points P are a posteriori constrained, specify the condition
LocusEquation[AreCollinear[E,F,G],P]

File Edit View Options Tools Window Help Sign in
SIS o[o2 =]
Bl el N]=
» Algebra » Graphics
Implicit Curve 1= 6
® d 5x%-29x + 5
Line F
s o
a
3
= 2 4
1
o
n 3 2 1 0 13 7
-1
, -2
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File Ecit View Options Tools Window Help
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» Algebra » Graphics
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Input: LocusEquation[AreCollinear{E,F, G],P
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mated discovering: A generalization of W-S

File Ecit View Options Tools Window Help signin...

DREERCEENEE =

» Algebra » Graphics
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Automated discovering

Ficheiro Editar \ista Opgtes Ferramentas Janela Ajuda

Inicie a sesséo.
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Automated discovering

Ficheiro Editar Wista Opcées Ferramentas Janela Ajuda Inicie a sess
O£, @ o]
s s . P

P Folha Algébrica b Folha Grafica 2D

Coénica
@ dixreyio1

ABC

a=2
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Segmento de Reta
® a=2
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® textol =
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“hxi=g2?" = 2

Il ]

Entrada:|

n GeoGebra
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Automated discovering

Ficheiro Editar \ista Opgtes Ferramentas Janela Ajuda

Inicie a sess;
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Lol
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Conica
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E=(0,0)
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Automated discovering

Ficheiro Editar Wista Opcées Ferramentas Janela Ajuda Inicie a sessAo.
ol[=l PN @ o]
s s . P

b Folha Grafica 2D

a=2

ABC

» Folha Algébrica

curva implicita e
Do 26+ yi=1
cénica

E=(0,0)
Reta

f:x =033
Segmento de Reta

Tesxto
® textol = “hxi=g2?"
Tridngulo

@ poligonol = 2.29

1 1 [
Equagaol ugarGeométricoll

n GeoGebra
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Conclusion

@ What could be the role of knowing geometric properties if a
simple, widely accessible, free tool can automatically

e FIND
o VERIFY
e DISCOVER

properties well beyond our personal ability?

@ What is the pedagogical role of knowing facts?
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Conclusion

@ As an auxiliary tool, what opportunities, what differences
involve using GeoGebra ART?

@ Can guide student exploration, provide hints, answer
(partially) questions...

@ Can help building up diagrams, locus...
@ Helping teachers!
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Thank you!
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