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Abstract

This paper presents a scatter search (SS) based method for …nding a good approximation
of the non-dominated frontier for large size 0-1 bi-criteria knapsack instances. The method
follows the usual structure of SS: 1) diversi…cation 2) improvement 3) reference set update
4) subset generation, and 5) solution combination. For each component speci…c procedures
were built which strongly bene…t from the single criterion problem, and also from the charac-
teristics of the neighboorhood of bi-criteria non-dominated solutions. These aspects permit
the guidance and restriction of the exploration of the decision space. Experiments were
carried out on a large set of instances and the computational results are given below. The
approach seemed to be very e¢cient and the quality of the approximation was quite good.
These points are also discussed in the paper.

Key-words: Metaheuristcs, scatter search method, bi-criteria knapsack problems, combi-
natorial optimization
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1 Introduction

The knapsack problem with several criteria is an important issue in the class of multiple criteria
combinatorial optimization. Determining the whole set of the non-dominated solutions for large
size bi-criteria instances is a very di¢cult task, despite the recent development of several new
techniques, involving both exact and metaheuristic approaches (Visée et al., 1998; Captivo et
al., 2003; Czyzak and Jaskiewicz, 1998 and Gandibleux and Freville, 2000).

Exact methods are very limited in dealing with the problem. It is only possible to determine
the set of exact non-dominated solutions for instances of about 500 items (Visée et al.,1998, and
Captivo et al., 2003). This is mainly due to the computational and memory requirements. In
fact, has not yet been developed a method that e¢ciently generates all the non-dominated solu-
tions. Approximate methods have to take into account a good compromise between the quality
of the approximation and the computational time taken, especially for large size instances.

The purpose of this paper is to apply the scatter search (SS) methodology to generate a set
of solutions that approximates the ”non-dominated frontier” for large size bi-criteria knapsack
instances.

SS is a population based evolutionary method, which exploits the knowledge of the problem
to create new, and hence better solutions, from the combination of existing ones.The origins of
SS dates back to the sixties, when the ideas of combining solutions and rules to create new ones
were proposed (Glover, 1999). The fact that the relevant information regarding the optimal
solution is embedded in a diversi…ed subset of ”elite” solutions is one of the fundamentals of SS.
Taking multiple solutions into account as a foundation for creating new ones and using heuristics
which combine them through mechanisms that promote diversity and quality, SS thus enhances
the exploration of the information not contained in each solution individually.
The usual process for solving a problem by means of creating progressively better solutions

is divided into …ve components (Glover, 1999): 1) the diversi…cation generation method (which
creates a collection of trial solutions), 2) the improvement method (which transforms the trial
solutions into enhanced ones, and usually restore feasibility), 3) the reference set update method
(which mantains the reference set with the best solutions according to certain criteria) 4) the
subset generation method (which creates subsets of solutions from the reference set), and 5) the
solution combination method (which combines solutions from each subset, thus creating new
ones). The majority of evolutionary methods make intensive use of randomization as the basis
for creating new solutions. In SS approaches, where randomization is employed, it is given a
highly controlled and strategic character. Another important distinguishing feature, is that the
population is very small, usually involving no more than 20 elements (Laguna, 2002).

Only recently, SS has been analysed in a way that is independent of the methaheuristic Tabu
Search. In the later, SS was used to enable diversi…cation and intensi…cation (Laguna and Martí,
2003).

The application of the SS based technique is very popular for solving combinatorial and
nonlinear optimization problems (Glover, 1999 and, Laguna and Martí, 2003) such as: vehicle
routing, the traveling salesperson problem, arc routing, quadratic assignment, …nancial product
design, neural network training, combat forces assessment model, graph drawing, linear ordering,
unconstrained optimization, bit representation, assignment, optimization simulation and tree
problems.

As a population based method, SS is potentially suitable for tackling problems with several
criteria. However, the use of this methodology in the multiple criteria …eld is very rare. There
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are only a few references to it in the literature: Beausoleil (2001), presented a multiple crite-
ria framework for a scheduling problem, Corberán et al. (2002) (in Laguna and Martí, 2003),
considered the problem of routing school buses, and Martí et al. (2000) (in Laguna and Martí,
2003), considered the proctor assignment problem.

The rest of the paper is organized as follows: Section 2 presents the basic de…nitions and
fundamental properties; Section 3 is devoted to the SS method; Section 4 describes the com-
putational experiments and results; and Section 5 presents the main conclusions and future
research.

2 Basic de…nitions and fundamental properties

The bi-criteria knapsack problem can be formulated as follows:

max z1(x1; :::; xn) =
nP
j=1
c1jxj

max z2(x1; :::; xn) =
nP
j=1
c2jxj

s:t : :
nP
j=1
wjxj ·W

xj 2 f0; 1g; j = 1; :::; n

(1)

where cij represents the value of item j on criterion i; i = 1; 2; xj = 1 if item j (j = 1; :::; n)
is included in the knapsack and xj = 0 otherwise, wj means the weight of item j and W is
the overall knapsack capacity. We assume that c1j ; c

2
j ;W and wj are positive integers and that

wj · W with
nP
j=1
wj > W . Constraints

nP
j=1
wjxj · W and xj 2 f0; 1g; j = 1; :::; n, de…ne the

feasible region in the decision space, and their image when using the criteria functions z1 and
z2 de…ne the feasible region in the criteria space.
A feasible solution, x, is said to be e¢cient if and only if there is no a feasible solution, y,

such that zi (x) · zi (y) ; i = 1; 2 and zi (x) < zi (y) for at least one i: The image, in the criteria
space, of an e¢cient solution is called a non-dominated solution.
The aim is to generate an approximation of the set of the non-dominated solutions. These

approximate solutions will be called potentially e¢cient/non-dominated solutions (PNDS).
It is well known that some non-dominated/e¢cient solutions (designated supported non-

dominated/e¢cient solutions) can be obtained by using weighted sums of the criteria (Steuer,
1986). Each weighted sum function is associated to a single criterion knapsack problem. This
has been studied extensivly by several authors (see for example Martello and Toth, 1990 and,
Pissinger and Toth, 1998).

For the single criterion knapsack problem we have the well known property:

Property 1: The optimal solution of the integer knapsack problem only di¤ers from the con-
tinuous solution (that is, when the integrality of variables is relaxed) in a very small number of
items that are close to the fractional one.
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  Average Max Min 

n Average Max Min Std Average Max Min Std Average Max Min Std 
100 2.331 2.500 2.170 0.106 4.200 5.000 3.000 0.542 2.000 2.000 2.000 0.000 
200 2.415 2.560 2.300 0.083 4.533 5.000 4.000 0.499 2.000 2.000 2.000 0.000 

300 2.472 2.560 2.370 0.062 4.867 6.000 4.000 0.499 2.000 2.000 2.000 0.000 

Table 1: Distances between e¢cient solutions

  n=100 n=200 n=300 
Items 

changed 2 3 4 5 2 3 4 5 2 3 4 5 6 

Average 0.720 0.236 0.042 0.008 0.647 0.291 0.060 0.002 0.611 0.308 0.080 0.002 0.001 

Max 0.894 0.439 0.154 0.010 0.754 0.451 0.109 0.003 0.720 0.395 0.122 0.004 0.001 

Min 0.533 0.041 0.000 0.006 0.495 0.192 0.022 0.002 0.538 0.194 0.044 0.000 0.001 

Std 0.097 0.105 0.036 0.002 0.078 0.080 0.021 0.001 0.058 0.061 0.020 0.001 0.000 

Table 2: Frequencies of changed items

The best known algorithms for the knapack problem are based on this property. The SS pro-
posed method uses Property 1 in order to search for ”good” solutions, desirably non-dominated
ones, near the optimum of a weighted sum function.

The next property comes from empirical conclusions that we were able to elicit from the
set of e¢cient solutions corresponding to instances of the bi-criteria knapsack problem. We
have considered problems with 100, 200 and 300 items; and for each problem size 15 instances
were generated. Coe¢cients were randomly and uniformly generated within the range [1,1000].
The capacity of the knapsack is equal to …fty percent of the sum of the weights. The analysis
aimed to determine the nearest solution according to the hamming distance for each e¢cient
solution. That is, for an e¢cient solution, xi, a di¤erent e¢cient solution, xj , was sought,

such that
°°xi ¡ xj°° = min

½
nP
t=1

¯̄
xit ¡ xkt

¯̄
; xk 2 fe¢cient solutions setg ; k 6= i

¾
: This distance

corresponds to the minimum number of items to be changed in solution xi to obtain xj: Results
presented in Table 1, concern the average, the maximum and the minimum hamming distances.

For each instance, the frequency of the number of items changed when moving from one
to another e¢cient solution corresponding to the above calculations was also computed. The
results are given in Table 2 :

Supported by the results obtained, the average of the minimum distance from each e¢cient
solution, of a 100 items instance, is 2.331 variables (2:415 for n = 200 and 2:472 for n = 300).
This means that it is only necessary to change, on average, the value of 2.331 variables (2:415
for n = 200 and 2:472 for n = 300) in each solution to obtain another e¢cient solution. The
maximum distance is, in average, 4.2 (4:533 for n = 200 and 4.867 for n = 300). The maximum
distances are small, and only represent a small proportion. In fact, for all the considered instances
more than 60% of the non-dominated solutions can be obtained from another simply by changing
a pair of items. This percentage increases to more than 90% if we change 2 and 3 items (Table
2 ). As the size of instances increases, an increasing in the average number of items changed is
also expected, but the value will be certainly very low in comparison with that size. So, it can
be established:
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Property 2: An e¢cient solution can be obtained from another one by complementing (xj is
changed to 1¡ xj) the value of a small number of variables.

A consequence of this property is that the use of local search procedures around e¢cient
solutions will be very e¤ective in …nding new e¢cient solutions. Property 2 is also important
because it can be used together with Property 1 to shorten the decision space exploration. The
SS method presented here, is thus based on the above fundamental properties.

3 A scatter search based method

The proposed SS method is organized according to the ususal structure of SS method, i.e., the:
1) diversi…cation method 2) improvement method 3) reference set update method 4) subset
generation method, and 5) solution combination method. In this section the speci…c procedures
used in each component are presented.

3.1 The diversi…cation method

The initial set of trial solutions is obtained by computing the entire set of extreme e¢cient
solutions for the relaxed problem:

max z1(x1; :::; xn) =
nP
j=1
c1jxj

max z2(x1; :::; xn) =
nP
j=1
c2jxj

s:t : :
nP
j=1
wjxj ·W

xj 2 [0; 1] ; j = 1; :::; n

(2)

The set of extreme e¢cient solutions of (2) can be rapidly obtained by using the bi-criteria
simplex method with bounded variables. We start from the optimal solution of criterion z2 (if
this solution is unique it is certainly e¢cient; if not, it is necessary to consider the one with
the greatest value in the criterion z1from the alternative solutions): We then proceed with the
e¢cient pivotings described below, until the optimal solution of z1 is achieved (analogously, if
this solution is not unique it is necessary to consider the one with the greatest value in the
criterion z2 from the alternative solutions).
The optimum of criterion z2 is obtained using a greedy heuristic that includes the items

ordered according to nonincreasing values of the pro…t-to-weight ratio

Ã
c2j
wj

!
until the ca-

pacity is achieved. With the items ordered in this way, let f be the critical item: f =

min

(
k :

kP
j=1
wj > W

)
. So the solution that maximizes z2, x¤ =

³
x¤1; :::; x¤j ; :::; x¤n

´
; can be

written as follows: x¤j = 1 if j = 1; :::; f ¡1;x¤j =
W¡

f¡1P
k=1

wk

wj
if j = f and x¤j = 0 if j = f +1; :::; n:

The variable xf is the only one in the initial basis, known as the working basis, which can
be identi…ed in the simplex method tableau. In this tableau, the reduced prices according to
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criteria z1 and z2 are, respectively,
³
c1j ¡ z1j

´
= c1j ¡c1f

wj
wf

and
³
c2j ¡ z2j

´
= c2j ¡ c2f

wj
wf
: From x¤,

an adjacent e¢cient solution can be obtained by entering the basis a nonbasic e¢cient variable,
xj , which does not degrade the value of criterion z1, i.e., a variable for which the following
conditions are ful…lled:

1) there exists a 0 < ¸ < 1;

2) ¸(c1k ¡ z1k) + (1¡ ¸)(c2k ¡ z2k) ¸ 0 if xk = 1(k 2 f1; :::; ngnffg);
3) ¸(c1k ¡ z1k) + (1¡ ¸)(c2k ¡ z2k) · 0 if xk = 0(k 2 f1; :::; ngnffg);
4) ¸(c1j ¡ z1j ) + (1¡ ¸)(c2j ¡ z2j ) = 0;
5) c1j ¡ z1j ¸ 0:

The e¢cient pivoting process, which assures the transition from one extreme e¢cient solution
to an adjacent one, is given below (see, for instance, Steuer, 1986 regarding the general case):

1. Leaving variable candidate: xf is the only candidate to leave the working basis.

2. Entering variable candidate: Compute the reduced prices
³
c1j ¡ z1j

´
and

³
c2j ¡ z2j

´
for all the

nonbasic variables. The candidate variable entering the basis, xj, is that which corresponds

to the maximum value of
¡c2j + z2j³

c1j ¡ z1j
´
¡
³
c2j ¡ z2j

´ in the following situations:
a) xj = 1 and

³
c1j ¡ z1j

´
¡
³
c2j ¡ z2j

´
< 0 and

b) xj = 0 and
³
c1j ¡ z1j

´
¡
³
c2j ¡ z2j

´
> 0:

If the maximum value of
¡c2j + z2j³

c1j ¡ z1j
´
¡
³
c2j ¡ z2j

´ is greater than 1 then it is not possible

to increase the value of criterion z1, hence all the e¢cient solutions have been found. If not,
we proceed by updating the values of the entering and leaving candidates. Due to the use of
bounded variables this process is a rather more complicated than the usual one (see for example
Bazaraa et al., 1992 regarding the general case).
In the knapsack problem we have :

3. Updating the value of variable xj (candidate to entering the basis):

a) If xj = 0; then the new value of xj is min
n
xf

wf
wj
; 1
o
. In this case, we have:

a.1) If min
n
xf

wf
wj
; 1
o
= 1; then xj remains nonbasic but its value is now its upper bound.

If not,
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a.2) xj enters the basis in substitution of xf .

b) If xj = 1; then the new value of xj is 1¡min
n
(1¡ xf )wfwj ; 1

o
: In this case, we have:

b.1) If min
n
(1¡ xf )wfwj ; 1

o
= 1, then xj remains nonbasic but its value is now its lower

bound. If not,

b.2) If not, xj enters the basis in substitution of xf .

4. Updating the value of variable xf (candidate to leave the basis): If xf becomes a nonbasic
variable, its value is determined taking into account the value of the new basic variable:

a) If xj = 0 and min
n
xf

wf
wj
; 1
o
= xf

wf
wj
, then xf = 0;

b) If xj = 1 and 1¡min
n
(1¡ xf )wfwj ; 1

o
= 1¡ (1¡ xf )wfwj , then xf = 1.

Nevertheless the variable xf can remain basic if xj changes from its upper bound to its lower

bound or vice versa. In this case, xj remains nonbasic and the new value of xf becomes xf ¡ wj
wf

if xj changes from its lower to the upper bound, or xf +
wj
wf

(if xj changes from its upper to its

lower bound).

The process is repeated, obtaining a new extreme e¢cient solution, until the optimum of
criterion z1 is achieved. Each solution corresponds to the optimum of a weighted sum of the
criteria, which is, in general, close to the integer optimum solution. In fact, let h(x; ¸) = ¸z1(x)+
(1 ¡ ¸)z2(x); ¸ 2 [0; 1] be a weighted sum function: Then, if the items are ordered according

to nonincreasing values of the ratio
¸c1j + (1¡ ¸)c2j

wj
and being f¸ = min

(
k :

kP
j=1
wj > W

)
and

w =W ¡
f¸¡1P
j=1

wj; then h(x; ¸) is bounded by

f¸¡1X
j=1

¡
¸c1j + (1¡ ¸)c2j

¢ · h(x; ¸) · f¸¡1X
j=1

¡
¸c1j + (1¡ ¸)c2j

¢
+

w

wf¸

¡
¸c1f¸ + (1¡ ¸)c2f¸

¢
(3)

The gap, g (¸), for the integer optimal solution of h(x; ¸) is bounded from above by
w

wf¸

³
¸c1f¸ + (1¡ ¸)c2f¸

´
· ¸c1f¸ + (1¡ ¸)c2f¸ · max

n
c1f¸ ; c

2
f¸

o
, i.e.,

g (¸) · max©c1f¸ ; c2f¸ª (4)

In the proposed method, the e¢cient extreme solutions of (2) are considered to be the
”seed” solutions for the generation of all others. As shown above, they have the property of
being already very close to the integer optimum of the weighted sum functions and, unless the
extreme points of (2) are biassed, which is very uncommon, the initial set contains a collection
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of diverse and ”good” solutions that span the location of the e¢cient solutions of (1). These
solutions will also be very useful in evaluating the quality of the obtained solutions.

After determining all the e¢cient solutions of (2), the items are ordered such that w1 · w2 ·
::: · wn: This order is used because it is independent from the value of the items on criteria
z1 and z2 and can avoid an exhaustive analysis of all the items when considering those to be
included in the knapsack. With this order, if an item does not …t into the knapsack, the forward
items can then be discarded.

3.2 The improvement method

This method aims to restore the feasibility of solutions from the diversi…cation method and to
enhance these solutions and those obtained from the combination method (described in sub-
section 3.5). When a solution of (2) is not feasible because it has a fractional variable, the
generation of new solutions is investigated which exclude or include that variable. In the …rst
case, the solution obtained is clearly feasible, but the remaining capacity may be large enough
to include additional items. Two new solutions are created using two heuristic procedures. The
…rst (second) one, …lls the knapsack, as much as possible, with the items which have the highest
pro…t-to-weight ratio, according to criterion z1 (z2). We call this process a positive bidimensional
improvement of the solution. The overview of this positive bidimensional improvement procedure
of a solution xk with fractional item f is given below.

Positive bidimensional improvement
¡
xk; f

¢
For i = 1 to 2 do fcriteria numberg
Begin

N0 Ã
n
j : xkj = 0; j = 1; :::; n

o
nffg

wÃW ¡
nP
j=1
wjx

k
j

Find t 2 N0 such that c
i
t

wt
= max

(
cij
wj
: wj · w; j 2 N0

)
if (t exists) then
begin
xÃ xk; xf Ã 0

z1 Ã
nP
j=1
c1jxj; z2 Ã

nP
j=1
c2jxj

While (t exists) do
Begin

z1 Ã z1 + c
1
t ; z2 Ã z2 + c

2
t ; wÃ w¡wt; xt Ã 1

N0 Ã N0n ftg
Find t 2 N0 such that c

i
t

wt
= max

(
cij
wj
: wj · w; j 2 N0

)
End
Update eX with the x

end
End
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In the second case, the inclusion of the fractional variable is only possible if at least one of
the included variables is removed. Two new solutions are created using two heuristic procedures.
The …rst (second) corresponds to the deletion of the item which makes the solution feasible and
has the lowest pro…t-to-weight ratio, according to criterion z1 (z2). The process of including
an item f from solution xk and removing another (taking into account both criteria) is called
negative bidimensional improvement of the solution. The speci…c steps are given below.

Negative bidimensional improvement
¡
xk; f

¢
For i = 1 to 2 do fcriteria numberg
Begin

N1 =
n
j : xkj = 1; j = 1; :::; n

o
wÃW ¡ P

j2N1
wj ¡wf

Find t 2 N1 such that c
i
t

wt
= min

(
cij
wj
: wj ¸ ¡w; j 2 N1

)
If( t exists) then
Begin

xÃ xk; xf Ã 1
N0 = fj : xj = 0; j = 1; :::; ng
xt Ã 0
z1 Ã

P
j2N1

c1j + c
1
f ¡ c1t ; z2 Ã

P
j2N1

c2j + c
2
f ¡ c2t ; wÃ w +wt

Find t 2 N0 such that c
i
t

wt
= max

(
cij
wj
: wj · w; j 2 N0

)
While (t exists) do
Begin
z1 Ã z1 + c1t ; z2 Ã z2 + c2t
wÃ w ¡wt
xt Ã 1
N0 Ã N0n ftg
Find t 2 N0 such that c

i
t

wt
= max

(
cij
wj
: wj · w; j 2 N0

)
End
Update eX with the x

End
End

Notice that, when a solution from the diversi…cation method is already feasible for problem
(1), the knapsack is full. In this case, it is only possible to consider the exclusion of the basic
variable when its value is equal to one. This is carried out as described above.

The while loop, in both the positive and negative bidimensional improvement procedures, is
the well known greedy heuristic applied to the single criterion reduced knapsack problem:
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max

8<:X
j2N0

cijxj :
X
j2N0

wjxj · w; xj 2 f0; 1g ; j 2 N0

9=; ; i = 1; 2 (5)

In the combination method (section 3.5) the solutions are combined in such a way that feasi-
bility is always maintained. The improvement of these solutions involves using the positive and
negative bidimensional improvement procedures with one item taking the role of the fractional
variable.

The solutions obtained by the heuristics are considered to be included in eX, which is empty
at the beginning of the method. If a solution is not dominated by any of the members of eX; then
it is included and eX is updated by removing the solutions that are dominated by the inserted
one. If not, it is discarded.

Figure 1 shows the behavior of the improvement method applied to both infeasible and feasi-
ble solutions. In this …gure, the arrows link an improved solution to the solutions obtained with
the improvement method. From infeasible solutions (generated in the diversi…cation method),
the improvement method explores neighborhoods that are very close to them (because the fea-
sible region is very limited). The residual capacity is small, and thus only a few items are
considered to generate improved solutions. On the other hand, when starting from a feasible
solution it is possible to achieve solutions situated in far regions which are not obtained by
exploring the nearest neighboorhood of infeasible solutions. This is due to the fact that a larger
set of items can now be considered.

Infeasible solution 

Improved feasible solution  

Feasible solution  

z1 

z2 

Figure 1: Improvement method

3.3 The reference set update method

Generally, the reference set is constructed by considering all the di¤erent solutions previously
obtained, but here we only consider the list of potentially e¢cient solutions, eX, invoking a kind
of ”elitism”. Thus the construction of reference set, R, is based on the concept of e¢cient
solution. However, in large size instances, eX; can be huge just after only a few iterations,
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making it necessary to use a kind of clustering technique. A subset of the reference set is usually
composed of the k ¡ best solutions. Nevertheless, in multiple criteria problems we cannot
distinguish, a priori, between e¢cent solutions.

Property 2 can be used to establish the way in which the reference set is built. According to
this property, only a small number of items of a given solution need to be changed in order to
obtain other PNDS. If very close solutions (in the decision space) are considered in the reference
set, it is possible that after the application of Property 2 a small proportion of new solutions
will be found. In order to avoid this, the solutions of eX are ordered according to nondecreasing
values of the following dissimilarity measure:

drefk =
¯̄̄¯̄̄
xref ¡ xk

¯̄̄¯̄̄
=

nX
j=1

¯̄̄
xrefj ¡ xkj

¯̄̄
; k = 1; :::;

¯̄̄ eX ¯̄̄ (6)

where xref is the solution with the highest value on z2 (it could also be z1), and R is built
from eX; by dividing it into clusters, with approximatly the same number of solutions. One
solution (the mean solution), from each cluster, is selected in order to de…ne the reference set,
R. We consider a maximum of 20 solutions, and from these 20 clusters are thus built.

3.4 The subset generation method

The subsets of the reference set de…ne the solutions to be combined in order to create new
ones. According to Property 2 we should explore a neighborhood of an e¢cient solution (in our
case, potentially e¢cient) aiming to get new ones. As the combination method is based on the
exploration of the distinctions between solutions in each subset, we should not consider very
dissimilar solutions from the reference set. In this way, we will try the following very simple
strategy: the subsets will be considered to be pairs of consecutive solutions from the reference
set. Hence, there will be jR¡ 1j subsets to be considered.

As there is no point in examining the same subset several times, a Tabu¡ list is created, and
each subset is included in it as long as that subset is not already part of the list. In this case
it is discarded. Thus, the Tabu¡ list is a record of the already examined subsets. But, due to
expensive memory requirements to maintain vectors with n bits, we opted for saving only their
image in the criteria space, incurring the risk of losing some alternative solutions i.e. di¤erent
solutions in the decision space with the same image in the criteria space.

3.5 The solution combination method

Based on Property 2 we only have to change the value of a small number of items in order to
obtain other potentially e¢cient solutions. We used a combination method that explores this
property by creating a path between the solutions of each subset. Let x0 and x1 be the solutions
of one subset; in the nomenclature of Glover (1999) x0 is called the initiating solution and x1 is
called the guiding solution. The guiding solution is used to identify the items whose value should
change in the initiating solution. This means that several new solutions are created from x0

with the property of incorporating characteristics of x1: This is achieved by detecting the items
whose values di¤er in x0 and x1; i.e., the items which are to be removed from x0 and the items
which are to be inserted into x0: Removing/inserting these items one by one, we then search for
a positive and negative bidimensional improvement of the solution on the decision space con…ned
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to the variables with value 0/1 in x0: The exploration of the decision space is highly conditioned
due to the low residual capacity that comes from removing/inserting only just one item. Only a
small neighborhood around x0 is considered, and this will su¢ce according to Property 2. The
combination method can preserve a common structure corresponding to the position where the
variables in the two solutions have the same value. However, as these variables can also be used
to obtain enhanced solutions, it is possible to achieve others with new distinguishing features
di¤erent from x1:

Since the path from x0 to x1 is di¤erent from the path x1 to x0, the solutions are swapped
and once again the above combination method is applied. In this way, new regions of the decision
space will be searched, enabling the creation of new solutions. A description of the combinatiom
method is given below:

Combination method
¡
x0; x1

¢
F 01 Ã

n
j : x0j 6= x1j ; x0j = 1

o
fitems to be removedg

F 00 Ã
n
j : x0j 6= x1j ; x0j = 0

o
fitems to be insertedg

j = 1
while j · ¯̄F 01 ¯̄ do
Begin
Apply the positive bidimensional improvement to

¡
x0; j

¢
j = j + 1

End
j = 1
while j · ¯̄F 00 ¯̄ do
Begin
Apply the negative bidimensional improvement to

¡
x0; j

¢
j = j + 1

End

Each time an item, j, from F 01 is removed from x0 the feasible region is restricted toP
i:x0i=0

wixi · W ¡ P
i:x0i=1

wi + wj, and as W ¡ P
i:x0i=1

wi + wj is small, only a few items need

to be considered. The same thing occurs when an item from F 01 is inserted in x
0.

In the positive and negative bidimensional improvement procedures, the search bene…ts from
the above mentioned order of items: w1 · ::: · wn: If one item does not …t into the knapsack,
the forward items do not need to be considered.

In Figure 2 the result of the combination method applied to
¡
x1; x2

¢
and

¡
x2; x3

¢
is depicted:

The solutions represented by squares were obtained by combining the solutions represented by
circles. The dashed arrows correspond to the direct path between the solutions, and the full
arrows correspond to the reverse path. The direction of the arrows does not have any speci…c
signi…cance. These arrows are only used to link the combined solutions. In the decision space,
the distance between x2 and x3 is greater than the distance between x1 and x2. This enables the
discovery of more diversi…ed solutions, since more items are considered to change their values.
By swapping the roles of initating and guiding solutions di¤erent solutions, not pertaining to
the …rst paths, were obtained:

¡
x1; x2

¢
and

¡
x2; x3

¢
:
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Combined solutions 

Obtained solution 

z1 

z2 

x1 

x2 

x3 

Figure 2: Combination method

3.6 Overall description of the scatter search methodeX = Á;Tabu_list = Á
//Generate an initial trial solutions set
Let x0 be the solution that maximizes criterion z2 in the relaxed problem,and f0 be

the index of the basic variable
Aplly the Positive and Negative Bidimensional Improvement to

¡
x0; f0

¢
k = 0
while (xk does not optimize z1) do
Begin
Generate the e¢cient solution adjacent to xk. Let xk+1 be such a solution, and fk+1

the index of the basic variable in xk+1

Aplly thePositive andNegative Bidimensional Improvement procedures to
¡
xk+1; fk+1

¢
k = k + 1
End
//Create new solutions
Terminate=false
Apply the Reference Set Update Method and let R be the reference set obtained
While (Terminate=false) do
Begin
Apply the Subset Generation Method and let nsub be the number of created subsets
k = 1
while (k · nsub) do
Begin
Let x0 and x1 be the solutions of subset k
If
¡
z(x0); z(x1)

¢
=2 Tabu¡ List then

begin
Apply the Combination Method

¡
x0; x1

¢
Insert

¡
z(x0); z(x1)

¢
in the Tabu¡ List
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End
k = k + 1

End
Apply the Reference Set Update Method and let R be the reference set obtained
If (stopping condition veri…ed) then Terminate=true
End

The most frequent stopping condition is the maximum number of iterations. The method is
repeated until this number is achieved. However, one important factor in evolutionary algorithms
is the time required. Unfortunatly we do not have, a priori, a good estimate of the computational
time consumption involved for each iteration. Fixing the number of iterations could involve too
much time or cause premature stopping. This is especially because in general more time is
taken the more solutions are found. Another important input, that could be used as a stopping
condition, is the desired quality of the solutions so far obtained.

In the computational experiments we will use a controlled number of iterations as the stop-
ping condition.

4 Computational experiments and results

In approximate methods, the quality of solutions is a topic of extreme relevance. Two key issues
which are used to evaluate the quality of an approximation are the proximitity to the set of
exact non-dominated solutions and the diversity of those solutions (Zitzler, 1999; Deb, 2001;
and Coello et al., 2002). For the …rst issue we used the relaxed problem (2) to give a measure
of the maximum error implicit in every solution. This was because it is not possible to generate
the set of exact solutions for most of the considered instances. From Section 2, an upper frontier
for the non-dominated solutions of (1) was derived. For each of the non-dominated solution,
z+ =

¡
z+1 ; z

+
2

¢
, the nearest point in the upper frontier, z¤ = (z¤1; z¤2) ; was calculated according

to the L1 metric. These two points are then used to derive the gradient of a weighted sum
function: f(z) = ¼1z1+ ¼2z2; with z = (z1; z2) ; ¼1 = z¤1 ¡ z+1 and ¼2 = z¤2 ¡ z+2 The percentage
gap between points z+ and z¤ was calculated using f (z) :

f (z¤)¡ f (z+)
f (z¤)

£ 100 (7)

Two measures were considered to evaluate the diversity of the solutions in the criteria space.
The …rst, is the standard deviation of the Euclidean distances between consecutive PNDS in the
criteria space, and is similar to that proposed by Schoot, 1995 in Deb, 2001, pp. 313.

The second, is based once again on the derived upper frontier, which is used to divide the
criteria space into regions. The expected number of solutions per region was computed and the
standard deviation of the number of solutions per region was considered. The lower this value
is the greater is the dispersion of the obtained solutions along the upper frontier.

The computational experiments concern large size instances where n = 1000; n = 2000 up
to n = 6000: The coe¢cients are integer numbers randomly and uniformly generated within the
range [1,1000]and the knapsack capacity is …fty percent of the sum of the weights. For each
value of n; 15 instances were generated. The computational experiments were performed on a
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(1) (2) (3) (4) (5) (4) (7) (8) (9)
n CPU (s) PNDS Average Max Min STD STD-C STD-D

Average 58.85 1552.60 0.0137 0.0474 0.0002 0.0001 5.91 121.56
Max 65.90 1694.00 0.0146 0.0744 0.0008 0.0001 6.39 137.86
Min 51.25 1398.00 0.0127 0.0360 0.0000 0.0001 5.21 106.99
STD 3.92 78.69 0.0006 0.0100 0.0002 0.0000 0.36 8.35
Average 239.21 2958.40 0.0061 0.0264 0.0001 0.0000 8.25 133.24
Max 263.25 3223.00 0.0065 0.0359 0.0002 0.0000 9.21 144.90
Min 222.40 2732.00 0.0056 0.0210 0.0000 0.0000 7.28 116.60
STD 12.33 154.40 0.0002 0.0039 0.0001 0.0000 0.53 8.53
Average 486.96 4150.80 0.0037 0.0180 0.0001 0.0000 9.48 158.67
Max 579.74 4614.00 0.0040 0.0229 0.0001 0.0000 9.99 413.70
Min 423.70 3819.00 0.0035 0.0138 0.0000 0.0000 8.38 132.80
STD 36.41 228.84 0.0002 0.0026 0.0000 0.0000 0.43 68.33
Average 975.45 5283.20 0.0026 0.0156 0.0000 0.0000 11.11 147.18
Max 1121.74 5738.00 0.0027 0.0323 0.0000 0.0000 12.35 157.09
Min 834.31 4641.00 0.0024 0.0109 0.0000 0.0000 9.92 138.36
STD 79.70 295.97 0.0001 0.0054 0.0000 0.0000 0.58 4.93
Average 1545.96 6750.60 0.0020 0.0111 0.0000 0.0000 12.66 144.96
Max 1762.10 7520.00 0.0021 0.0135 0.0001 0.0000 14.50 159.40
Min 1345.10 5888.00 0.0018 0.0084 0.0000 0.0000 11.37 131.57
STD 94.70 422.71 0.0001 0.0013 0.0000 0.0000 0.86 7.59
Average 2263.61 8200.20 0.0016 0.0096 0.0000 0.0000 13.89 144.63
Max 2505.70 9178.00 0.0017 0.0196 0.0000 0.0000 15.30 168.14
Min 1801.61 6851.00 0.0014 0.0068 0.0000 0.0000 12.26 137.02
STD 182.71 597.33 0.0001 0.0030 0.0000 0.0000 0.72 7.47

50
00

60
00

L-infinite distance (%) Diversity

10
00

20
00

30
00

40
00

Table 3: Overall results

Pentium 4, processor with 256 MB RAM and 40 GB hard disk. The method was implemented
in Borland Delphi 4.

The stopping condition was considered to be the limit of 15 iterations after the diversi…cation
method had been applied, and the subset cardinality was …xed at 20 solutions.

In Table 3, the results concerning all the 90 instances are given. Column 1 refers to the
number of items; column 2 concerns the computational time in seconds; column 3 shows the
number of potentially non-dominated solutions; columns 4, 5, 6 and 7 refer to the L1 metric;
column 8 presents the standard deviation of the number of solutions per region, and column 9
is the standard deviation of the Euclidean distance between consecutive PNDS. Results show
that for all the instances considered the approximation to the upper frontier is quite good. The
percentage distance (column 4, Table 3) is insigni…cant, and the diversity of these values is very
small, as can be seen by its small standard deviation and amplitude (columns 5-7, Table 3).The
solutions are well dispersed along the criteria space as the standard deviation of the solutions
by region and the distance between consecutive solutions, are both small (columns 8 and 9,
Table 3).The computational time is reasonable for the size of the instances, although it displays
nonlinear behavior with that size. In fact, Figure 3 shows that the CPU time, on average, is a
power of the number of items.

Another interesting aspect to be observed is how the set of the PNDS along the iterations

15



CPU = 5E-05n2.0342

R2 = 0.9987
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Figure 3: Average CPU time by instance size

evolves and how the computational time is spent. Let us consider the instance with the highest
number of potentially non-dominated solutions as the reference for each size. In Figure 4 the
number of PNDS increases quickly in the …rst iterations, but then more slowly. As can be seen
in Figure 5, the increasing rate of the number of PNDS converges to zero within a small number
of iterations. This means that the method could have been stopped earlier without a substancial
reduction of the PNDS set. Notice, however, that the di¤erence in PNDS between an iteration
and the one previous to it, is less than the number of PNDS obtained in the current iteration,
as the set eX is ”cleaned” of the solutions which were dominated by the current solutions. This
is also due to the generation of high quality solutions.

The computational time shows linear behavior with the number of iterations (Figure 6) and
the time per iteration is very regular (Figure 7). Especially after the …rst few iterations. This
is related to the values shown in Figure 5.
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n (1) (2) (3) (4) (5)
1000 686 515 75.1 1694 30.4
2000 1298 1005 77.4 3223 31.2
3000 2048 1694 82.7 4614 36.7
4000 2838 2428 85.6 5738 42.3
5000 3478 3041 87.4 7520 40.4
6000 4235 3783 89.3 9178 41.2

(1) - PNDS in the initial set (2) - Solutions from the initial set in the final set

(3) - percentage of solutions from the initial set  that survived through the iterations

(4) - PNDS in the final set (5) - percentage of solutions from the initial set in the final set

Table 4: In‡uence of the initial set

The solutions obttained from the diversi…cation method, with their consequent improvement,
appear to be very good as more than 75% of them (column 3, in Table 4) remain in the …nal
set of PNDS. Taking into account the time required in the diversi…cation method, which is less
than 6% of the total time spent, and considering that the solutions obtained represent more
than 30% (column 4, in Table 4) of the total number in the …nal PNDS set, one can say that
the diversi…cation method is the most e¢cient component of the proposed SS method.

Although the results seem very good in all aspects considered, it must be pointed out that
the number of solutions is less than the number of exact non-dominated solutions obtained by
Visée et al., 1998 and, Captivo et al., 2003. In their research the number of solutions appear to
have an exponential growth with the number of items, which is contrary to our results, where
behavior tends to be linear (Figure 8).

PNDS = 1.2991n + 281.04
R2 = 0.9996
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Figure 8: Average PNDS by instance size

In Figure 9 the PNDS set of an instance with 3,000 items is shown. The …gure on the rigth
show an ampli…ed section taken from that on the left, and expresses the upper frontier and the
initial solutions, both derived in the diversi…cation method (Figure9 top rigth) and the result
of 15 iterations of the SS proposed method (Figure 9 bottom rigth). As can be seen, a great
improvement was made concerning the exploration of the criteria space.

17



 

 

 

 

Figure 9: PNDS set

5 Conclusions and future research

We applied scatter search methodology for generating an approximation of the set of non-
dominated solutions for large size bi-criteria knapsack instances. Properties of the single criterion
and bi-criteria instances were used to guide and generate solutions. The results showed that the
time required to get an accurate description of the set of non-dominated solutions is relativly
small even for large size instances, which is a very important feature of the proposed method.
This rapidly obtained information can be used as a powerful tool in an interactive context,
giving the decison maker a good estimate of the non-dominated solutions. This enables him
to localize and focus his attention on interesting areas, that can be further explored by exact
methods. However, it has been veri…ed that the method was not able to …nd the complete set of
PNDS for the large size instances considered. Developing more intensi…cation strategies maybe
required, but this will increase computational time. Consequently, a compromise between these
two objectives must always be established. The method used a rigid structure for generating
subsets and for combining solutions. It is possible that the stagnation of the number of PNDS
reached after just a few iterations is due to this feature. Thus, making these structures more
‡exible will probably enhance the intensi…cation requirements. Extending the proposed method
to the multiple criteria case is straigthforward, although special care must be taken to keep
computational time down.
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